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Abstract

This work introduces the framed curvature flow, a generalization
of both the curve shortening flow and the vortex filament equation.
Here, the magnitude of the velocity vector is still determined by the
curvature, but its direction is given by an associated time-dependent
moving frame. After establishing local existence and global estimates,
we analyze the trajectory surfaces generated by different variations of
this flow, specifically those leading to surfaces of constant mean or
Gaussian curvature.
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1. Introduction

Curvature driven geometric flows have been extensively studied for their
favorable properties and various applications across multiple pure and applied
fields. We aim to take advantage of these benefits by keeping the magnitude
of the local velocity equal to curvature, but at the same time expand and
generalise this family of flows by letting the velocity direction be dictated by
an associated time-dependent moving frame. We refer to this new class of
geometric flows as the framed curvature flow.

Although our formulation is based on the Frenet frame, the velocity vector is
well defined even in the presence of vanishing curvature, where the normal and
binormal vectors are undefined. In the language of Definition 2.2 from [63], the
framed curvature flow is not a Frenet frame dependent geometric flow. In this
way, it is a modification of the minimal surface generating flow from [64], which
is defined only when the torsion and curvature are positive along the whole
curve. Another advantage over [64] is the rich configuration space enabled by
the additional degrees of freedom from the moving the velocity direction field.
To demonstrate the expressivity of this approach we derive variation of the
flow that trace out various surfaces of interest in the latter part of the paper.

In this work, we formulate the coupled dynamics of the moving frame and
the curvature driven motion, establish local existence and uniqueness for a
simplified case of this motion law, provide useful global estimates for geometric
and topological quantities, classify possible singularities formed during the flow
and analyse generated trajectory surfaces.

The paper is organised as follows: Section 1 introduces the framed curva-
ture flow and prepares the notation and lemmas required for further analysis
of the flow and the trajectory surfaces it produces. The analysis is divided
into Sections 2 and 3. While the former deals with local behaviour including
the local existence and formation of singularities, the latter (Section 3) focuses
on long-term behaviour by means of length and area estimates and explores
the effects of the moving frame topology. Section 4 then showcases interest-
ing examples of flows from the configuration space of the framed curvature
flow framework. Specifically, we explore flows leading to trajectory surfaces of
constant mean and Gaussian curvature.

1.1. Motivation. A surprising number of natural and artificial phenomena
can be modeled by a one-dimensional filament in three-dimensional Euclidean
space, moving according to laws expressed as partial differential equations that
depend on both the environment and the shape of the filament. Simplifying
complex three-dimensional dynamical systems into a moving space curve allows
for faster and more scalable numerical simulations, often revealing new insights
and intuitive explanations.

Examples of natural phenomena described via motion laws of space curves
include the dynamics of dislocation loops in crystalline materials [65, 48], the
motion of scroll waves in excitable media [44, 58], evolution of vortex filaments
in liquids via the localized induction approximation [76] or quantum vortices
in superfluid media using the Gross—Pitaevskii equation [87, 14].

Evolving space curves can be used for modeling the motion of magnetic field
lines in the solar corona [83, 70], the dynamics of elastic rods to model hair
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strands in graphics [17, 15] or defects in smectic liquid crystals [56]. Geometric
flows of curves have also been applied in the context of image processing [77],
quantum field theory [12], origami folding [27, 30], cellular automata [24],
architecture [75], and medicine [61].

A significant subset of classical geometric flows can be formulated as a gra-
dient flow of a suitable geometric energy functional [46]. Most important
example is the mean curvature flow, or curve shortening flow, which mini-
mizes area, or length. It is useful to consider geometric motion laws defined
as gradient flow of various other functionals. For instance, one can use the
Mobius energy or other O’Hara type energies to find optimal embedings of
knots [19, 38, 2]. Repulsive energies, such as the tangent point energy, can
be used in numerous applications in computational geometry and computer
graphics [84, 85]. Elastic energies for curves lead to elasticae curves and the
Willmore energy for surfaces has been used for finding the optimal torus shape,
named Clifford torus [57], and can lead to visualy appealing solutions for the
sphere eversion problem by starting the evolution from the half-way models
such as the Boy’s surface. Furthermore, the optimal shapes with respect to
the Willmore energy with additional constraints due to Canham and Helfrich
leads to shapes of biological membranes found in nature [21].

Besides the applications in science and engineering, various geometric flows
have proven to be remarkably useful tools in theoretical fields ranging from
geometrical measure theory to differential topology, enabling the proofs of
many long-standing problems. This includes, but is not limited to, the use
of the inverse mean curvature flow for the proof of the Penrose inequality in
[41] or the Perelman’s work on Ricci flow with surgeries [71, 72] leading to
the proof of Poincare and Geometrization conjecture. Or more recent work on
Ricci flow leading to results such as the Generalized Smale conjecture [13] and
the Differentiable Sphere Theorem [22]. This area is still ripe for new results,
particularly in the case of higher codimension motion, which typically receives
less attention. For example, open problems from [32] may be within the reach,
provided that further analysis of framed curvature flow is pursued.

1.2. Framed Curvature Flow. Consider a family of closed curves {T'; };c[0,¢)
evolving in the time interval [0, ¢), where ¢ > 0 is the terminal time. For a given
time t € [0,1), the curve I'; is represented by a parametrization (t,-): S' —
R3, where S! = R/27Z is the unit circle. We use the standard Frenet frame
notation, where T, NV, and B denote the tangent, normal, and binormal vectors,
respectively. The curvature and torsion, given by the Frenet-Serret formulae,
are denoted by x and 7, respectively. Furthermore, g := ||0,7| is the local rate
of parametrization and ds = g du is the arclength element.

There are many ways to frame a curve [18]. The Frenet frame is in some
sense canonical and easy to work with, but is ill-defined at points of vanishing
curvature. We define a time-dependent moving frame that is derived from the
Frenet frame using an angle functional . The normal vector associated with
this moving frame will determine the direction of the velocity vector during
the framed curvature flow.

Definition 1 (¢-frame). For an evolving curve {T't}ie(0,1) and a functional

6ech?([0,t) x St 81,
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I

(a) Curve shortening flow. (b) Vortex filament equation.

Figure 1. Classical examples of space curve motion laws.

we define a O-frame of I'y, with f-normal vy and 6-binormal By, using a one-
parameter group of rotation {%y}, as

vg | N | cos® sind
[50] =% [B] , where %y 1= [_ sin 0 COSQ] € SO(2).

We denote the moving framed curves as {(T's, 0t) }se[0,), where 0; := 0(t,-).

Note that B9 = T x vy and Frenet-Serret type formulae for the f-frame read

T 0 P e | [T 1 := K cosl,
ds|ve|=|—-t1 O V3 Vo | Py := Ksind,
Beo Y2 =3 0 Bo 3 =T + 050.

In the context of the trajectory surface defined in Subsection 1.3, ¥; and 1
can be interpreted as the geodesic and normal curvatures of I'; immersed in
>, respectively. Hereafter, we refer to 13 as the generalised torsion.

Definition 2 (Framed curvature flow). The family of evolving framed curves
{(T'¢,0¢)}teo0,) 5 a solution to the framed curvature flow if the parametrization
~ and the angle functional 8 satisfy the following initial-value problem
(1a) 0yy = K 00 = vp in [0,1) x S,

(1b) Yle=0 =0 Olt=0 = 0o in S,
where vy and 0y are the initial conditions and the 6-velocity

vg € C1([0,1) x SL;R)
will be specified later in Subsections 2.3, 4.1 and 4.2.

Example 1. The framed curvature flow subsumes the following classical
geometric flows, depicted in Figure 1, as its special cases:
(a) Curve shortening flow studied e.g. in [5, 4]:
When 0)t—o = 0 and vglg—o = 0, (1) reduces to dyy = KN.
(b) Vortex filament equation studied e.g. in [76]:
When 8|;—o = 5 and ’U9|9=% =0, (1) reduces to 0yy = kB.
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Figure 2. Trajectory surface of a framed curvature flow.

Remark 1. The framed curvature flow (1) can also be viewed as a local
harmonic combination of the curve shortening flow and the vortex filament
equation from Ezxamples 1(a) and 1(b), resp. One can also write (20) as

Oy = cos 0 02y + sin 6 0,y x 027.

This formulation makes clear how the framed curvature flow (1) is well-defined
even when the curvature vanishes and the Frenet frame is undefined.

Remark 2. The set of equations (1) represents a case of geometric motion
with an additional quantity, namely 6, whose velocity depends on the geometry,
and vice versa. This kind of coupling has been studied in e.g. [69], where the
the additional quantity represents the local radius of a bubble vortex tube.

1.3. Trajectory Surfaces. Similar to how a point mass moving in a homoge-
neous gravitational field generates a parabola, trajectory surfaces are generated
by geometric flows of space curves. As the title suggests, these surfaces are
one of the primary concerns of this paper.

We argue that there are two main benefits to examining trajectory surfaces.
First, the shape of the trajectory surface encodes the long-term properties of
the associated motion law, and thus the knowledge of the generated surfaces
may help us understand the overall behaviour of the original geometric flow.
Conversely, this framework provides an alternative way to generate and study
surfaces with prescribed characteristics, potentially enabling new ways to cat-
egorize and understand these surfaces and possibly help tackle various open
problems. The formal meaning of trajectory surface is clarified below.

Definition 3 (Trajectory surface, [64]). For a given 0-velocity vy, terminal
time t and initial curve 'y, we formally define the trajectory surface ¥, as

Ei = U Ft,
te[0,1)

i.e. Xy is a surface parametrized by y(t,u) fort € [0,t) and u e S*.

Trajectory surfaces have been studied in [42] for the special case of inextensible
flows, i.e. geometric flows satisfying d;¢ = 0. An important example of such
motion law is the vortex filament equation, mentioned in Example 1. Surfaces
generated by this motion law, referred to as Hasimoto surfaces, have been
previously considered in [1].

Closely related to the trajectory surface is the concept of worldsheet from
physics. In the context of string theory, particles sweep out worldlines and
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strings sweep out worldsheets in Minkowski space. The equations of motion
are induced from the Nambu-Goto action or the Polyakov action [66, 36]. In
our case, time is not treated as another dimension as in general relativity, but
rather as another parameter.

In this paper, we are specifically interested in trajectory surfaces of constant
curvature (see Section 4). In light of this, the following lemma states the
formulas for mean and Gaussian curvature of surfaces generated by (1).

Lemma 1. Mean curvature H and Gaussian curvature K of the trajectory
surface Xy obtained from Ty evolving according to (1) can be expressed as

H ==y +x and K = =5 — oy,
respectively. The auziliary variable x used in the formulae above reads

g"@ _ Hﬁﬂﬁ%

3 ¢2-

0Os 204 0
Yo | KOs +3 51#31/)1 N
KR K KR

Proof. The first and the second fundamental form I and I of ¥; read
I= & 7 _ | 9uu  Gvu| _ 92 0 I— < M
_j%_guvgvv_o'%27 IRV el

where (g;;) is the metric tensor of 3¢, & = —g*ths, M = g3k and

Iiasil)g + 26557/)3 " 635 — /ﬂ/)%
msvs  SUsSTYS g2 73
K

N = Kug + Y (0

Finally, the mean curvature H and the Gaussian curvature K are

detl LN — .4 <z N
- - H=tr(I(I YY) == +=-.
detl ~ &9 - 72 @) -F+37
For more details, we refer the reader to Section 2 in [64]. q.e.d.

Remark 3. The principle curvatures of the trajectory surface ¥y generated

during (1) are k12 = —9 + x £ 1/C, where ¢ := 3 —ox + x> + Y3 and x is
the auxiliary variable from Lemma 1.

Further analysis of trajectory surfaces has been recently carried out in [86],
which includes a description of properties of u-curves, e.i. curves given by
(-, u) with a fixed parameter u € S*.

2. Local Analysis

This section focuses on local properties, both in time and parameter space,
of the solution to the framed curvature flow equation (1). In particular, we
state the evolution equations of the local geometric quantities in Subsection 2.1,
study the effects of non-trivial tangential redistribution in Subsection 2.2 and
with the help of these preliminary results we establish the local existence and
uniqueness of the solution in Subsection 2.3. The Subsection 2.4 provides an
overview of possible singularities formed during curvature blow-up events.



TRAJECTORY SURFACES OF FRAMED CURVATURE FLOW 7

2.1. Evolution Equations. Evolution equations for local geometric quan-
tities, like the rate of parametrisation, curvature or torsion, during general
geometric flows of space curves have been extensively studied in many pieces
of literature before. See e.g. [67] for a general algebraic approach or [16] for
the treatment of geometric motion law similar to (1). Nevertheless, we state
these equations and adopt them for the specific case of framed curvature flow
for reader’s convenience.

Lemma 2. The arc-length commutator [0y, 05| during the framed curvature
flow (1) with the angle functional 6 is given by

(2) (01, 05] := 0405 — 050; = K* cos B 0.
Equivalently, 0,g = —k?cosf g = —king.
Proof. The statement is a special case of Proposition 1 from [16].  q.e.d.

Lemma 3. The Frenet frame during the framed curvature flow (1) satisfies

T 0 & —&|[T] §1 1= 0s¢1 — Tho,
G|IN|=|-& 0 & N |, & :=—0s2 — 1Yy,
B & —&3 0 37 &3 = 5_1(1/11(957' + a§¢2 - 7'2),
while the evolution of 8-normal vy and 0-binormal By can be expressed as
T 0 G G| [T (1 = Ok,
oe|lve|=|-CG O C3 ve |, G2 := —Y3kK,
Beo G G 0 | [B (3 :=vp +&3.

Finally, the curvature k and torsion T evolve as
(3) Ok = K>y + k1 (0201 — OsTtho — 270stps + i1 ),
(4) 07 = wn(7 + U3) + 05 [ (922 + 20skp1)3 — Ktpot)s + ki1 Ostha) ] -

Proof. Proved by substitution to Example 5.7 from [67]. q.e.d.

The evolution equations for the #-frame local quantities 1, Yo and 3 are
more involved, but can be expressed as

Oth1 = Ogk cos ) — vy,
at’(/JQ = &5/@ sin 0 + '(/leg,
8t¢3 = 6t7' + @svg + 143’1/11059,

where 0y and 0,7 shall be substituted from (3) and (4).

2.2. Tangential Redistribution. To simplify previous calculations, we ig-
nored the tangential velocity in (1) by setting vy := {0y, T) = 0. Apart
from advection of the #-frame along the curve, this choice does not affect the
geometry of the moving curve. Non-trivial tangential velocity can, however,
be useful for improving numerical stability and existence analysis. We wish
to do the latter in the following subsection. Hence we introduce and analyse
appropriate tangential term here. Specifically, we use the tangential velocity
term developed and used in [40, 47, 60] and modify it for our motion law in
the following lemma.
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Lemma 4. Assume that for allt € [0,1) and all s € R/L(T';)Z the tangential
velocity v satisfies the following integro-differential equation

s s
5 vr(t, s :’U_t+J/€ d§—7fm ds,
(5) r(t,s) = vro(t) . U1 T Jr. U
where vro(t) = vr(t,0) is any differentiable function vro € C*([0,t)). Then
the quantity L(Ty)™1g is constant during the framed curvature flow (1).

Proof. With 0,y = kvg + v T, the arc-length commutator from Lemma 2 is
[at; as] = ("ﬂpl - as'UT)as

and we have 0;g = (—k11 + dsur)g. Note that the choice of vy does not affect
the evolution of length L(T;), provided the curves I'; are closed. And thus

g g
0 = — osur)L(T ds|.
t (L(Ft)) LT, [( k1 + Osvr ) L(T'y) + Lt K1 S]
Substitution of dsvr from (5) yields the vanishing right-hand side. q.e.d.

With a suitable choice of parametrization and the tangential velocity satisfying
(5) we can achieve uniform parametrization throught the flow.

Proposition 1. Assume that the initial curve I'y is uniformly parametrized
such that g(0,u) = L(Io) for all u € S*. Let {(T¢,0;)}tef0.r) be a solution
to the framed curvature flow with tangential velocity (5). Then the curve T'y
is parametrized uniformly during the whole flow, i.e. g(t,u) = L(T;) for all
te[0,t) and ue S*.

Proof. Straightforward application of Lemma 4. q.e.d.

Note that vr in (5) is indeed well defined on the periodic domain as one can
easy verify that vr|s—o = vrls—rr,) and dsvr|s=0 = OsvT|s=1(1,)-

2.3. Local Existence. This subsection establishes local existence and unique-
ness for the framed curvature flow constrained by assumptions outlined in
Lemma 5 or Lemma 6. First, it is important to note that the right-hand side
of (1) is well-defined even in the absence of the Frenet frame (see Remark 1).
The existence result is achieved by extending the method of abstract theory
of analytic semi-flows in Banach spaces from [74, 9, 10, 55]. In particular
we formulate (1) in terms of an extended four-dimensional system by treating
0 as another dimension, and follow the existence proof of a similar system
of equations from [16]. First, let 4: [0,£) x S — R* denote the extended
parametrization 4 := [y1,v2,73,6]7. And consider the extended system

(6) oy = AGZA + f(0:4.9),
where f € C(R**;R*) and the principal part of the right-hand side reads
—sinf T3 sinf T:

A Ao cos sin 6§ Ty 5
A= l% 1, A=cos§I+sinf[T], =| sinf T3 cosf)  —sinf Ty |,
ge a —sinf Ty sinf Ty cosf
where I;; = 6;;, ([T],)ij = D1, €ijuTr for i, j € {1,2,3}, and a € RT, 8 € R3 are
fixed parameters of the framed curvature flow (1) with the following 6-velocity

(7) v = adif + K (B, N) + f1(0:5,7%).
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We want the system (6) to be parabolic. As the spectrum of Ais
o(A) = o(A) U {a} = {a,cos b, eF?},

the eigenvalues o and cos 6 must be positive. In order to proceed towards the
local existence result, additional constraints have to be laid down to ensure
that this property is guaranteed. In the following lemmas, we provide two
different ways to achieve this goal.

Lemma 5. Let § =0 and a > 0 be fized parameters of the extended system
of equations (6) with fy =0 and assume that Oy satisfies |0(0,u)| < 5 for all
ue S'. Then any solution {(T't, 0;) [0, to (1) will satisfy 0] < 5 everywhere
and the extended system (6) will remain parabolic.

Proof. The statement is a consequence of the weak maximum principle for
the angle functional §. Using the notation from Chapter 7.1.4 of [28], we have

(8) 00 + L0 =0,
where £ := —ad? = —ag™202 + ag~30,90,. Thanks to the trivial right-hand
side of (8), we can use Theorem 8 from Chapter 7 of [28] and conclude that
™
ot < 0(0,w —
16, u)| < max [6(0,u)| < 3
for all (t,u) € [0,¢] x S. The last inequality holds due to assumptions. q.e.d.

Introducing additional assumptions on the curvature allows us to extend the
result from Lemma 5 for the case of non-trivial 8 and f4 from (7).

Lemma 6. Assume |6o] < 5 on S' and there exist C1,Cy > 0 such that

for all uwe S* and all t € [0,t] we have k(t,u) < Cy and fi(t,u) < Co, where

ti= m (g - gggflﬂo(wl) :
Then |0] < Z holds everywhere on [0,t] x S* and (6) remains parabolic.
Proof. The non-difusive term vy — 026 of the equation (7) is bounded as
lvg — ad?0] < Cs,
where C3 := C4|5| + Cy is a positive constant. Using this value we construct
0= gelg} [00(u)| — Cs, 4 = L%%Pﬂoo(uﬂ + Cs,

which are subsolution and supersolution to 6 (see Lemma 5). Since |64 | stays
bellow 5 for all t € [0,%], we concur that |6 is bounded by 7 as well.  q.e.d.

To prepare for the existence proof, further notation needs to be introduced.
For any € € (0, 1) and any k € {0, %, 1} we define the following family of Banach
spaces of Holder continuous functions

& = h2k+s(Sl) % h2k+s(Sl) > h2k+s(Sl) % h2k+5(51),

where h2F+¢(S1) is a little Holder space (see Section 4.1 in [16]). With the aid
of the previous lemmas and the appropriate tangential velocity term described
in Subsection 2.2, we can now state the local existence result.
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Proposition 2. Consider (1) with additional tangential velocity satisfying
(5) from in Subsection 2.2 and assume that

(a) the initial extended parametrization ¥|i—o belongs to &,

(b) the initial parametrization vy satisfies |0uy0| = L(To) on S*,
(c) f is C* smooth and globally Lipschitz continuous,

(d) the assumptions of Lemma 5 or Lemma 6 are satisfied.

Then there exists t > 0 and a unique family of framed curves {(T's, 04)}ie[0,1)
satisfying (6) with tangential velocity (5) such that% € C([0,1); E1)nC([0,1); E)-

Proof. We extend the proof of Theorem 4.1 from [16] to the parametrization
with the framing angle 4. We rewrite the extended system (6) as an abstract
parabolic equation:

9) oy +F () =0

for 4 € &1, where .Z is operator mapping from &; to &. Using Lemma 2.5 from
[9] as in the proof of Proposition 4 from [16], the Frechet derivative .#’ of the
operator .% from (9) belongs to the maximum regularity class M(&1,&y). The
solution 4 exists in

C([0,7;€1) n C([0,7]; &)
for any t € (0,¢) due to Theorem 2.7 from [9]. q.e.d.

For more details, we refer the reader to [16] or to the original literature [74,
9, 10, 55] of the abstract theory of analytic semi-flows in Banach spaces.

Proposition 3. Let the assumptions of Proposition 2 hold and suppose that

the maximal time of existence t is finite, then
limsup max (¢, u) = +00 v limsupmax |020(t,u)| = +o0.
t—t ueS?t t—t ueSt

Proof. For contradiction, assume that the maximal time of the existence
t is finite and that both x and |026] are bounded. Since the assumptions of
Proposition 2 are satisfied, the solution 4 belongs to C([0,%]; £1) nCL([0,%]; &)
for any 7 € (0,t). Moreover, 024 is bounded by the assumptions because

10391 = 1031 + 10361 = &* + |336]*.
Thus, by the maximum regularity, the extended solution 4 belongs to the space
C([0,t]; 1) nCL([0,t]; £) and can be continued beyond [0, t), which contradicts

the maximal time assumption. More details can be retrieved from the last part
of Theorem 4.1 from [16]. q.e.d.

The behaviour of I'; during the curvature blow-up event described in Proposi-
tion 3 is detailed in the next subsection.

2.4. Formation of Singularities. The expressive power of the framed cur-
vature flow framework allows for the occurrence of unusual singularity types
during curvature blow-up events. In general, understanding these singularities
has been crucial for analyzing the behavior of various geometric flows. For our
work, it will be particularly important for the global analysis in Section 3.
Singularities of geometric flows have been studied in e.g. [45, 25, 52, 8, 43]
or [5], where the motion of planar curve has been extended beyond curvature
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To=T§,i€{0,1,2,3,4} 59

Figure 3. Depiction of singularity typologies from Defini-
tion 4 for circular initial condition I'y and uniform theta angle.
Upper indices 1 to 4 denote the flat, cone, pinch and infinite
pinch scenario, respectively. The dashed line represents the
trajectory of the vortex filament equation for reference.

singularities via a higher dimensional flow of an associated space curve. The
existence of flows past various singularities has also been addressed by other
means such as by using the concept of viscosity solutions for the level-set
formulation of curvature driven flows in [68, 33], topological surgeries [72] or
by analysis of self-similar shrinkers in [81].

In [4], Altschuler showed that the blow-up limits of space curves under the
curve shortening flow are planar. The situation for framed curvature flow is
more complicated. The following definition clarifies the meaning of different
types of singularities which may occur during (1).

Definition 4 (Singularity typologies). The event at which the curvature k
approaches infinity at time t and L(T'y) — 0 as t approaches t (the curve T'y
shrinks to a point) during the framed curvature flow (1) is called:

1) Flat singularity if and only if 6, =3 0 as t approaches t.

(0-frame uniformly approaches the Frenet frame).
2) Cone singularity if and only if 6; = © € (=75, 5)\{0} as t approaches L.
3) Pinch singularity if and only if 0, = © € {£ 5} as t approaches t.

Furthermore, when the trajectory surface Xy is unbounded, the case 3. is called
infinite pinch singularity.

The flat singularity occurs in the classical example of curve shortening flow.
For the case of simple planar curves, this singularity is guarantied by the
Gage-Hamilton-Grayson theorem [31, 37]. Embedded space curves under the
curve shortening flow do not necessarily shrink to a point, however the Gage-
Hamilton-Grayson theorem can be extended in the case of simple spherical
curves [62]. Other singularity types from Definition 4 are illustrated in the
next set of analytical examples with simple evolution of circle.

Example 2 (Cone singularity). Let I'g be a circle with radius po > 0 and
consider vg = 0 with g = ¢ € (0,5). This setup leads to the famous solution
for shrinking circle with radius p(t) = (pg — 2t cos ¢)% which vanishes at the
terminal time t = (2cos @) 1p3. However, due to the non-trivial binormal

velocity term {04y, BY = ksin ¢ # 0, the singularity occurs at a point shifted in
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the binormal direction from the center of the initial circle by a distance

1
2= (o~ (b} —2tcos9)" ) tang = po tan .
This leads to a conical trajectory surface with a cone singularity.

Example 3 (Pinch singularity). Again, consider a circle Ty with radius
po >0 and 6y = ¢ € (0, %). To illustrate the pinch singularity, let

0.0 — tanf — 2k+/T — ¢
tV — 2(;_2‘:) )

where t = (sin@)2pg. This 0-velocity is constructed so that p = sinf/t —t
and Oiz = Kksinf = /t —t. Even though the time derivative of the shift dis-
tance z diverges as t approaches t, its definite integral remains finite:

. (1 - =t
lim 2(t) = lim = dt = %LH% [—2 t— t] =24/L.

t—t t=t Jo A/t — 1 t=0

The pinch singularity thus develops at a point located at a 24/t distance form
the center of the original circle.

Example 4 (Infinite pinch singularity). With the same setup of initial con-
ditions as in the previous examples, we now consider 0;0 = 2p52. This velocity
leads to O(t) = 2tpy? and p(t) = po(1 — sin(?po_lt))%, Thus the circle shrinks
to a point at the time t = iwp% and

(10) &z = p~'sin(2p5't)) = pg ' (1 — sin(2p5 1)) 7% sin(2p7't)).

Unlike in the Exzample 3, the integral of (10) diverges and thus the infinite

pinch singularity is formed.

All singularity typologies from Examples 2, 3 and 4 are depicted in Figure 3.
Remark 4. Let us recall the definition of type-I and type-II singularity,

studied in e.g. [45, 25, 52]. This classification of curvature blow-up events

is based on the comparison of the curvature growth near t with the function
(t— t)%. Formally, a blow-up singularity is classified as type-I if

: N 2 _
(11) lim My (¢ —¢) == lim[max x°(¢, u)] (£ ~ ¢)

is bounded, and as type-1I otherwise. In terms of this classical notation, the
singularities from FExample 2 and 3 are type-I:

e In Example 2, we have My = p=2(t) = (p3—2tcos ) ! = 2cos p(t—t) 1,
where the terminal time is t = (2cos ¢)~1p3. Thus

%irr%Mt(z— t) = 2cos¢d < +o0.

o Similarly in Example 3, the radius reads p = (t — t)% sin @ and therefore
lim M (t — t) = limmax(sin 6;(u)) ™2 = 1 < +c0.
t—t t—t ueS?t
Whereas the infinite pinch singularity from Example 4 is type-1I:
e Since in Example 4, the radius is p(t) = po(1 — sin(Qpalt))_%, the term
M; behaves as (t —t)? near t and the limit (11) diverges.

Further analysis of these connections is left for a future work.
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The study of singularity formation is an extensive field of research, and this
subsection offers only a brief exploration of potential blow-up scenarios within
the context of the recently introduced framed curvature flow. Future work
can involve for instance the analysis of singularity profiles leading to the self-
shrinking Abresch-Langer curves [3].

3. Global Analysis

This section examines the global aspects of solutions to the framed curvature
flow, with an emphasis on the properties of global geometric quantities and
their long-term behavior. Subsection 3.1 provides several global estimates for
the length and generated surface area, Subsection 3.2 explores the evolution of
the largest projected algebraic area, and Subsection 3.3 presents selected key
facts related to the topology of the f-framing.

3.1. Global Estimates. We aim to derive useful estimates for global geomet-
ric quantities such as length and generated area. To this end, we first establish
evolution equations for these quantities and then state the assumptions on
which the subsequent bounds in this subsection are based.

Lemma 7. The evolution of the length L(T'y) of the curve T'y and the total
area A(X;) of the trajectory surface ¥y during (1) is

d d

(12) &L(I‘t) = — th le dS, aA (Et) = J;‘t Kk ds.

Proof. The first part of (12) is due to (2), the second one follows from

d
af dtJ L kdsdt,

where dA is obtained from & = ¢, . =0 and 4 = 82 + 72 = K% as
A=EY — F2du A dt = gk du A dt.
Particular details of the computations are in the proof of Lemma 1. q.e.d.

Without any assumptions on the initial curve, we can bound the generated
area from below by a linear function of time.

Corollary 1. The Fenchel Theorem implies A (X:) = 2nt for all t € [0,1).
Furthermore, when the curve is knotted on [0,t), we get A () = 4wt by the
Milnor-Fdry Theorem [29].

Lemma 8. The evolution of the total torsion T and the total generalized
torsion s of T'y during the framed curvature flow (1) is

d d
(13) T FtTdS = dt.[m P3ds = . Y13k + Padsk ds.

Proof. Since I'; is closed, both integrals are equal, i.e.
1/)3ds=J Tds + (3’59ds=f Tds.
I Iy Ty Iy

The right-hand side of (13) is obtained from (2) and (4). q.e.d.
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The estimates below are based a subset of the following assumptions:

I. There exists a fixed € > 0 such that [§] < § — . In this case we define a

constant K. := cos (g — 6) > (0 which will bound cos 8 from below.

II. The curvature k is uniformly bounded from bellow by a constant K. > 0,
ie. r(u,t) = Ky for all t € [0,¢) and u e S1.

Note that assumption I. is also needed for the existence proof in Subsection 2.3
and follows from the assumptions given in Lemma, 5, or alternatively Lemma 6.
Assumption II., on the other hand, can only be enforced up-to a time ¢t away
from the singularity t, where the curvature blows up.

Proposition 4. Let T'; be a solution to (1). If assumption 1. holds, then
(14) L(Dy) < (L3(Ty) — 872Ky t)?
and thus the terminal time can be bounded from above as
(15) t< (872Ky) " LA(Ty).

Moreover, assuming the curve is knotted on [0,t), the 872 term in both (14)
and (15) estimates can be replaced by 32w2 as in Corollary 1.

Proof. From assumption /. and the first part of Lemma 7 we have

d
—L(Iy) = ff k2 cosf ds < *KI.J k2 ds.
dt I T

Using the Fenchel Theorem and Cauchy-Schwarz inequality, we obtain

d K 2 42 Ky
—L(T) < — . d < — -,
at T <=1 (J " ) L(T)

The result follows from the ODE comparison theorem. q.e.d.

Proposition 5. Let T'; be a solution to (1) and let 3¢ denote its associated
trajectory surface. If assumptions 1. and I1. are satisfied, then we get

Ky, 3 2 2 3
A(%y) < W (L (To) — (L (F'o) — 87 K1~t)2 :

Furthermore, as t is bounded by (15), we get a global bound

K. L3(Ty)
AXy) €« ————=
() 122K,

Proof. Assuming I. and II. and using Lemma 7 and Proposition 4 yields

d 1
aA(zt) < Ku L(Ty) < K. (L*(Do) — 87°K1.t) 2 .

Integrating the inequality yields the result. q.e.d.
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3.2. Projected Area. In this subsection, we consider the following quantity
1 1

(16) Ap(Ty) = f‘[ v X 0syds = ff v X Oyydu
2 Ft 2 S1

and use it to extend our area estimates for ¥;. The geometric interpretation
of this quantity is revealed in following lemma.

Lemma 9. For a given curve I'y, the quantity A,(T';) defined in (16) is the
largest algebraic area enclosed by any orthogonal projection of T'y.

Proof. For any unit normal vector v € S?, let 7(v) be the projection operator
onto {r}+, ie. 7(v) =1 —v-v?, and let 7(v)I'; denote the projected planar
curve paramerized by 7(v)y. Then

A(n(v)Ty) = ng w(V)y x Ou(m(v)y) du

=|A,(Ty) — Ll (v, V)V X Oyydu — ng Oy, V)Y X vdu

)

=|A,(T¢) + v x f (Oury, vyy — <y, vy duydu
Sl

where A(T") denotes the algebraic area enclosed by a planar curve I'. Double
application of the triple vector product formula yields

A(r(v)Ly) = [Ap(Te) + v x (v x Ap(Iy))|
= |Ap(Te) + {Ap(Te), vy v — V]2 Ap(TY) |
=KAp (L), vy v] = KAp(T'4), v)| -
Thus, due to the Cauchy-Schwarz inequality, we have:

1. A(m(v)Ty) < Ap(Ty) for all v in S,
2. A(m(A,(Ty) 1A, (T))Ty) = Ay(T't) when A4,(T;) > 0.

The conjunction of 1. and 2. proves the statement. q.e.d.
Lemma 10. The time derivative of A,(T';) during (1) is

d

(17) &AP(R) =— L KBy ds.

Proof. The derivation of this integral quantity is simplified because
f 'yxﬁsfyds=j v X 0yy du,
r, st

where ds = g du and, formally, d,, = gds. Thus we have

d

1 1
—A,(Ty) = ff Oy X Oy + 7 X Oy Opydu = fJ kvg X T + v x 0s(kvg) ds,
dt 2 Jar 2 Jr,

where vy X T' = —fy and both parts of the integral yield the same value as

f v x 0s(kvg)ds =
Iy

Adding these integrals leads to (17). q.e.d.

Os(y x kvp) — T X kvgds = —J KBy ds.

Iy Iy
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Proposition 6. Let {(I't,0;)}se[0,1) develop a flat singularity at time t, then
A(X) = max [|A,(Ty)]|.
(50 > max [4,(T)]
Proof. Let 2 € R? be the point to which the curve I'; shrinks towards as the
time ¢ approaches ¢. Since ¥; U {x} spans the initial curve I'y, its area must be

at least that of minimal spanning surface, which has locally larger area that
the projection. Formally, let dA’ denote the area element of 7(v)I';, then

= [oum(@)VI* < @) 1P |0uy]* =
= o (w)? < llx@)|I*0ev]* = &2

With || - || being the spectral norm, ||7(v)|| = max(o(7(v))) =1 and thus
A =7/E'Y — F2du A dt < VE'G du A dt < gedu A dt = dA.

Note that the algebraic area of the projection is even smaller as the overlapping
parts can annihilate. q.e.d.

Proposition 7. Let Ty be a solution to (1) and assume 1. and I1., then
d
&HAp(Ft)H < 2K1 K L(Iy).

Proof. Applying the assumptions and Cauchy-Schwarz inequality yields

G140l = (G 54T ) < | G400

The statement then follows from the fact that %y is unitary. q.e.d.

< 2K1 Ky, Be ds| .

Iy

Since the area of any surface enclosed by the curve I'; is smaller than |A4,(T)]
(see proof of Proposition 6), the above proposition provides an upper bound
on the growth of minimal spanning surface area.

Remark 5. Note that for 0 = %, both the length L(I'y) and the projected
area Ap(I'y) remain constant during (1), as shown in [11]. On the other hand,
for 6 = 0 the motion is an L?-gradient flow for the length functional (see [46]).

3.3. Frame Topology. Let us consider the topology of the moving #-frame
and its possible ramifications on the long-term behaviour of the framed curva-
ture flow. We do so by analysing the time evolution of two geometric quantities,
named writhe and twist, which are closely connected to the topology of the
moving frame. Writhe of an embedded curve is an averaged sum of all signed
crossings over the space of all orthogonal projections, but can also be written
using Gauss formula as

(s, t) — A ). T(s) x T(8)
- (s ) — (s, ) F ds n ds

Wi(lh) = An
r

XTI
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The second important geometric quantity describing the frame topology is the
total twist of the #-frame, which reads

1
T (Ty) = ). (vg x Osvg, Tyds

- % Lt —1hp1lvg x T, Ty + 1h3{vg x By, Tyds

1 1
= — | 4sds=TET,) + —deg(8,),
27 Jr, 27

where deg(6;) is the topological degree of 6;: S — S! and TE () is the
normalized total twist (i.e. total twist assiciated with the Frenet frame):

1
THT) = — ds.
W( t) 27T Ft Tas
The writhe and twist are connected via the Calugareanu—White-Fuller Theo-
rem [23, 82] which states that

(18) Sti(T'e) = We(Te) + T3 (T),

where e represents either F' or 6 and S{,(I';), SE\ (T;) are the self-linking
numbers for the Frenet frame and the #-frame, respectively. With the help of
this theorem we can describe the evolution of writhe for embedded curves.

Proposition 8. Let {(I't,0:)}cjo,¢) be a solution to (1). Considert € [0,1)
such that Ty — R3 (i.e. Ty is embedded) and r(u,t) > 0 for all we S*. Then

d

(19) *Wr(rt) = _i 7,[11’(113143 + l[)gaslids.
It

dt 2T

Proof. The assumptions imply that the time derivative of ST, (I';) exists and
is equal to 0. Thus, we may differentiate (18) to obtain

d d 1d
SW(Ty) = — [SF(T) —TE[@)] = —— = .

The formula (19) then follows from Lemma 8. q.e.d.

Remark 6. Note that since vg is continuous, the degree of 6 cannot change
during the flow and the difference 8¢, (T'y) — SF\.(T't) is a constant integer.

The following proposition provides a necessary topological condition needed
to close the trajectory surface in sense of ending the flow in a flat singularity
described in Subsection 2.4.

Proposition 9. Assume that {(T's,0t)}sc(0,¢) develops a flat singularity and
(To,00) is not a Seifert framing. Then there must exist t € [0,t) such that
either k(u,t) = 0 at some point u € S' or I'y is not embedded.

Proof. The Seifert framing must have zero self-linking number [80]. q.e.d.



18 JIRf MINARCIK & MICHAL BENES

4. Generated Surfaces

By adjusting the definition of the #-velocity, the framed curvature flow can
be formulated such that its associated trajectory surface has various interest-
ing properties. These specific formulations are explored in this section. We
consider trajectory surfaces of constant mean curvature in Subsection 4.1 and
then constant Gaussian curvature in Subsection 4.2. Other special surfaces,
such as surfaces of constant ratio of principle curvatures, proposed in [53], fall
outside the scope of this manuscript and may be the subject of future work.

4.1. Constant Mean Curvature. In this subsection, we consider the use of
framed curvature flow as a means of solving the Bjorling problem for mini-
mal surfaces and its generalisation for non-minimal surfaces of constant mean
curvature (see [20]).

Proposition 10. For a fixed constant H € R, consider the framed curvature
flow (1) with the 0-velocity given by

(20) vg = kH — (k0513 + 265,'{1!}3)/9*21/11 + (/{3 + m/;% - aﬁm)ﬁf%z}g.

The trajectory surface Xy generated by this flow has a constant mean curvature
equal to the prescribed value H.

Proof. Substitution of (20) to Lemma 1. q.e.d.

The following results are all related to the Flux theorem introduced in [49, 50].

Proposition 11 (Flux Theorem). Let {(I't,0)}ico0,) be a solution to the
framed curvature flow with 0-velocity defined in (20). Then for any a € R?

(21) H| {(yxT,ayds+ (vg,ayds =0,
0% [

where 0%y = T'g u Ty is the boundary of the associated trajectory surface 3.

Proof. Multiple proofs can be found in e.g. [54], where the unit conormal
vector from Theorem 5.1.1. is equivalent to the #-normal vy. q.e.d.

Combining the Flux theorem with the evolution equations for the projected
area A, leads to a simple formula for the derivative of total #-normal.

Corollary 2. If {(T's,0¢)}iefo,r) is a solution to (1) with ve from (20), then

d
T th vogds = 2H . KBg ds.

Proof. The boundary 0%; consists of I'; and I'g, but the former is static.
Differentiation of the Flux theorem (21) thus leads to

d d
22 H— Tds+ — ds = 0.
(22) gy Lt'yx S+dt Ftug s

The result is then obtained by rearranging (22) and using Lemma 10. q.e.d.

The Flux theorem enables the following necessary conditions for flat singularity
formation during the flow that generates surfaces of constant mean curvature.
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Corollary 3. When {(T's,04)}1e[0,+) develops a flat singularity at the termi-
nal time t, the surface ¥, only has one non-trivial boundary I'y, and thus

1

— vg ds
H To

Ap(FO) ==
Corollary 4. Assume that {(T's,0;)}ie[0,1) solves the framed curvature flow
with vg from (20) and develops a flat singularity. Then

L(To) = 2H[Ap(To)]-
In particular, if Ty is simple planar curve enclosing area A, then

L(To) = 2HA.

Proof. For any unit vector a € S%, we have 2H|(A,(I'y),a)| < L(Ty) from
Corollary 5.1.7 of [54]. q.e.d.

Important subclass of surfaces with constant mean curvature are the minimal
surfaces [59, 73] characterised by H = 0. In nature, minimal surfaces emerge
in the context of soap films [34, 35|, cell membranes [51], crystallographic
structure of zeolites [6, 7, 78] and as the apparent horizon of a black hole [41].

For the case of minimal surfaces, many of the previous results derived from
the Flux theorem significantly simplify. Additionally, when the flow develops a
flat singularity, the associated trajectory surface effectively represents a valid
solution to the Plateau problem with single boundary curve I'y.

Corollary 5 (Corollary 5.1.5 from [54]). For minimal surfaces with H = 0,
we have even stricter conditions, namely for all a € R3

J {vg,ayds = 0, {vp,y x ayds = 0.
0% 0%

We end this subsection with analysis of specific examples of solutions to (20)
with simple initial configurations. First example illustrates the configuration
that leads to the simplest minimal surface, which is a subset of the flat plane.

Example 5. Let the initial curve T'g be a closed convex planar curve and
6o = 0. Then the framed curvature flow with 6-velocity from (20) and H =
0 is equivalent to the curve shortening flow and generates a flat surface 3
equivalent to the convexr hull of Ty in a finite time t when the I'y shrinks down
to a round point (see [31, 37]).

More analytical examples can be obtained by considering configurations with
helical and cylindrical symmetries.

Example 6 (Helical symmetry). For a constant 6y consider evolving heliz
00 COS U o(t) cos(u + v(t))

vo(w) = | gosinu |, A(tyu) = | olt)sin(u+ v(t)) |,
wy wu + w(t)
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where pg and w are positive constants and p,v,w are functions of time t. Since
2

k= 09"2 and T = wg~?2, the problem (20) reduces to the following system
0 gsin® + pgH 0 0o
d o] 1 —gpcosf 0 Qo
(23) dt |w| ¢ p?sind ’ w 10
v —wsin 6 v |,_ 0

where g? = 0*> + w?. Similar helicoidal surfaces of constant mean curvature

were studied in e.g. [39].

Considering cylindrically symmetrical configurations leads to the family of De-
laneu surfaces, first classified in [26].

Example 7 (Cylindrical symmetry). Setting w = 0 reduces (23) to

0 sinf + oH 0 0o
d 1
wlel =2 —ocost |, 0 =100
w osin 6 w ], 0

4.2. Constant Gaussian Curvature. Unlike the mean curvature flow or
the minimal surface generating flow [64], the framed curvature flow can be
used for generating developable surfaces or surfaces of any prescribed Gaussian
curvature.

Proposition 12. For a fized constant K € R, consider a framed curvature
flow (1) with the B-velocity given by

(24a) Vg = — mb;lK — (KOstp3 + 20sKk1p3) K%y
(24D) — Kby 15 — (02K — k)R,

The trajectory surface ¥, generated by this flow has a constant Gaussian cur-
vature equal to the prescribed value K.

Proof. Substitution of (24) to Lemma 1. q.e.d.

Important examples of surfaces with constant Gaussian curvature are devel-
opable surfaces. For this specific case, the Gauss-Bonnet formula significantly
simplifies and can be used to uncover an unexpected integral of motion.

Proposition 13. Let {(T, Ht)}te[()@ be a solution to the framed curvature
flow with 0-velocity defined in (24) with K set to 0. Then the integral of 1
over the curve T'y at any time t € [0,t) is preserved.

Proof. The Gauss-Bonnet theorem states that

(25) KdA+ f kg ds = 2mx (%),

e %,
where dA = kg dudt (see proof of Proposition 6), , is the geodesic curvature
at the boundary 0%; = 'y u Ty and x(3;) = 0 is the Euler characteristic of an
annulus. Differentiation of (25) and subsequent substitution yields

d

— ds = — Kd
T Ftwl s Ltn s,

where 17 is the geodesic curvature of I'y on ¥; and the integrand on the right
hand side is 0 by the assumption that K = 0. q.e.d.
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As in the previous subsection, we construct analytical examples using config-
urations with helical and cylindrical symmetries.

Example 8 (Helical symmetry). For a constant 6y consider evolving helix

00 COS U o(t) cos(u + v(t))
Yo(u) := | gosinu |, v(t,u) = | o(t) sin(u + v(t)) |,
Wi wu + w(t)

where py and w are positive constants and p,v,w are functions of time t. Since

Kk =09"2 and T = wg—?2, the problem (24) reduces to the following system
0 Kg*+w? cos? 0 0 90
gsin @
(26) g ol _ 1 —gpcost 0 _ |
dt |w g3 p?sinf ’ w 0|’
v —wsin 6 U {li—o 0

where g2 = o®+w?. This solution leads to a family of helical trajectory surfaces
of constant Gaussian curvature.

Example 9 (Cylindrical symmetry). Setting w = 0 reduces (26) to

al? 1 (sinf)"1Kg? 0 0o
wlel =2 —ocost |, 0 = |
w 0 osinf wl|,_ 0

5. Conclusion

The framed curvature flow offers a promising extension of classical curvature-
driven geometric flows of space curves, providing a rich configuration space of
motion laws with potential applications in the analysis of surfaces with pre-
scribed curvature and beyond.

In this work, we introduced the framed curvature flow as a generalization of
the curve shortening flow and vortex filament equation, incorporating a time-
dependent moving frame to govern the direction of curvature-driven motion.
We established local existence and uniqueness for a simplified version of this
flow, derived global estimates for key geometric and topological quantities, and
examined the trajectory surfaces produced by variations of the flow, including
those leading to surfaces of constant mean or Gaussian curvature. Additionally,
we classified singularities that may arise during the flow.

More research is needed to explore local existence across a broader range
of f-velocity settings. Future work could also investigate motion laws that
generate other surface types, such as those with a constant principal curvature
ratio [53], or surfaces that minimize energies like Willmore energy [79] or
various repulsive energies [84, 85].

Another direction for future research could involve extending the concept of
framed curvature flow to higher-dimensional spaces with more than one codi-
mension, and exploring possible connections between the generated trajectory
varieties and Open book decomposition.

Further insights may be gained through rigorous numerical analysis and
experiments with different 6-velocity settings. Finally, the examples of sin-
gularities involving curvature blow-up, discussed in Subsection 2.4, should be
expanded and studied in greater detail.
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