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Fig. 1. Inspired by Gian Lorenzo Bernini’s Bust of Medusa, we construct a 3D model based on an existing Poisson reconstruction, modifying it so that many
snakes are represented as separate mesh components rather than being merged into a single surface. We evaluate our method on this challenging model,
which contains over 215k vertices and 431k faces and exhibits highly complex topology. Self-intersecting surface with intersections highlighted (left) and

embedded surface obtained without changing mesh connectivity (right).

Self-intersections are widespread in surface meshes and invalidate down-
stream simulation, fabrication, and learning pipelines. Existing approaches
typically treat self-intersections as local collision events, but embeddedness
(i.e., lack of self-intersections) is a global geometric property that cannot
be enforced through local reasoning alone. We introduce an energy-based
framework that enforces surface embeddedness simultaneously at the shape
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and mesh levels, based on the insight that successful untangling requires
accounting for both global shape-level interactions and local mesh-level in-
teractions. A shape-level energy captures global entanglement independent
of discretization, while a mesh-level penalty regularizes local discrete inter-
actions. Together, these energies enable reliable removal of self-intersections
without changing mesh connectivity and apply to a broad class of geometries,
including surfaces with boundary, non-manifold configurations, immersion
failures, and multi-object scenes. Compared to prior state-of-the-art meth-
ods, our approach resolves self-intersections across challenging datasets,
enabling reliable downstream processing of surface meshes.
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1 INTRODUCTION

Surface meshes are commonly used to represent the boundaries
of physical shapes. In simulation, fabrication, and robotics, down-
stream algorithms implicitly assume that a surface separates inte-
rior from exterior, while geometry processing and learning-based
pipelines often rely on representations that cannot encode self-
intersections at all, such as signed distance fields or volumetric occu-
pancy grids. Self-intersections violate these assumptions and invali-
date many standard methods. As a result, self-intersecting meshes
routinely break collision handling, produce non-manufacturable ge-
ometry, and corrupt data-driven pipelines. At the same time, large-
scale 3D datasets assembled from scanning, reconstruction, and
modeling pipelines contain self-intersections at scale [Deitke et al.
2023a,b] and are increasingly used for training and evaluation in
geometry processing and generative modeling, including recent
neural shape synthesis frameworks [Xiang et al. 2024]. As a result,
enforcing surface validity is a practical challenge.

Despite decades of work, robustly removing self-intersections
remains difficult. Many existing approaches treat self-intersections
as local collision events and resolve them through discrete detec-
tion, projection, or constraint-based handling. While effective in
simple cases, such methods often struggle when self-intersection
involves multiple distant surface regions, complex entanglement,
or highly degenerate geometry. Energy-based alternatives relying
on repulsion or singular interaction kernels can be effective at pre-
venting self-intersections, but are typically ill-suited for removing
them: when initialized from intersecting configurations, these en-
ergies often become infinite, undefined, or numerically unstable.
Practical implementations therefore rely on ad hoc techniques to
weaken or regularize repulsion, frequently leading to unwanted geo-
metric artifacts, residual intersections, or failure to converge. Even
recent state-of-the-art methods illustrate that reliably eliminating
all self-intersections remains challenging [Jang et al. 2025]. Robust
self-intersection removal requires energies that are aggressively
repulsive yet finite, and that can simultaneously address large-scale
self-intersection structure and local geometric degeneracies.

To address these challenges, we
introduce an energy-based frame-
work that enforces surface em-
beddedness by coupling comple-
mentary shape-level and mesh-level
components. At the shape level, in-
teractions capture large-scale prox-
imity across the surface, while
the mesh-level formulation oper-
ates locally on discrete triangle
interactions. We propose a new
self-contact energy at the shape
level designed specifically to de-
tect and penalize large-scale self-
intersection, capturing long-range
entanglement independently of
discretization. A key feature of this
energy is that it can automatically
adapt to the spatial scales most relevant for untangling a given

Fig. 2. Self-intersections may
be introduced by simple mesh
operations such as decima-
tion (inspired by Figure 2
from [Sacht et al. 2013]).
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animal/bear@.obj [Jang et al. 2025] [ours]

— self-intersections

Fig. 3. The animal/bear@.obj mesh appears visually repaired after apply-
ing the method of Jang et al. [Jang et al. 2025] (middle), yet non-adjacent
triangle—triangle intersections persist in tightly folded crease regions at
the mesh level, as revealed in the zoomed view. Our method removes these
residual intersections and produces a fully embedded surface (right).

model, providing the strongest effective “push” at each stage of
the untangling process (Subsection 3.1.4). At the mesh level, we
adapt Minkowski-based penalties [Minarcik et al. 2024] to polygonal
face interactions in three dimensions, converting discrete triangle—
triangle conflicts into smooth, differentiable terms suitable for con-
tinuous optimization. Our 3D Minkowski penalty formulation en-
ables efficient evaluation of penetration depths and gradients. While
the shape-level energy drives large-scale untangling, the mesh-level
penalty resolves small-scale geometric degeneracies inherent to dis-
crete meshes. Once self-intersections are eliminated, embeddedness
can be maintained using standard intersection-aware optimization
to further reduce deformation and restore surface appearance while
preserving the untangled configuration.

Our formulation removes self-intersections without changing
mesh connectivity and applies to a broad class of inputs, including
non-manifold geometry, difficult corner cases such as cross-caps,
and multi-object scenes with fixed components. Our method demon-
strates consistent repair across challenging datasets and eliminates
all self-intersections in the benchmark. By explicitly targeting em-
beddedness rather than collision resolution, our method provides
a practical and robust framework for restoring valid surface geom-
etry. We provide an open-source implementation of our method
and all datasets used in this paper at https://github.com/Simulation-
Intelligence/Mesh-Untangling.

2 STATE OF THE ART AND LIMITATIONS

Physics-based collision handling. Self-intersection handling is well
studied in physics-based simulation using continuous or discrete col-
lision detection coupled with penetration depth estimation and col-
lision response [Baraff et al. 2003; Volino and Magnenat-Thalmann
2006; Ye et al. 2015]. Closely related interference-aware modeling
methods maintain non-intersection during interactive deformation
[Harmon et al. 2011]. These methods rely on temporal coherence or
volumetric representations and are therefore not directly applicable
to the repair of static surface meshes, where neither collision history
nor a well-defined interior volume is available.

Cloth untangling. A substantial literature addresses untangling in
cloth and garment simulation via global intersection analysis, con-
tour minimization, and topology-based case classification [Baraff
et al. 2003; BufTet et al. 2019; Cha and Ko 2022a,b; Wicke et al. 2006;


https://github.com/Simulation-Intelligence/Mesh-Untangling
https://github.com/Simulation-Intelligence/Mesh-Untangling

Ye et al. 2017; Ye and Zhao 2012]. These approaches are embedded
in garment simulation pipelines and rely on assumptions such as
layering, boundary conditions, orientation, or collision history, and
target inter-object or boundary-driven collisions within a simula-
tion context rather than general self-intersections of a single static
surface mesh.

Volumetric and decomposition-based approaches. Several methods
resolve self-intersections by converting surfaces into volumetric or
cell-complex representations and applying volumetric processing
or simulation [Li and Barbi¢ 2018; Sacht et al. 2013]. While effec-
tive for producing simulation-ready representations, these pipelines
are computationally expensive and not designed for fast, minimal-
deformation surface repair. Moreover, they rely on a consistent
notion of interior and exterior and locally well-defined surface nor-
mals, and therefore may break down for non-orientable surfaces
(e.g., Mobius strips) or immersion failures (e.g., Whitney umbrellas).
Related work enforces injectivity of maps, including 3D deformation
processing [Fang et al. 2021; Li et al. 2020] and 2D parameteriza-
tion [Du et al. 2021], but does not directly address self-intersection
removal in static surface meshes.

Flow-based surface regularization. Flow-based surface regular-
ization methods apply local geometric energies to smooth surface
geometry, as in conformalized mean curvature flow (cMCF) [Sacht
et al. 2013], sometimes followed by an explicit reverse flow intended
to restore geometric detail. Such approaches, however, smooth ge-
ometry rather than explicitly enforcing embeddedness. In particular,
because the driving energies are local, the forward flow is insensi-
tive to large-scale self-intersection. As a result, configurations with
multiple connected components may freely evolve into mutually
intersecting shapes under the forward flow (see the inset example
in Subsection 5.3). Moreover, the flow can drift far from the input
geometry and pass into a different isotopy class, so that although the
reverse flow may produce an embedded surface, it cannot recover
one that remains close to the original shape or preserves the original
configuration (see Subsection 5.5).

Energy-based repulsion. Repulsive formulations penalize spatially
close but intrinsically distant surface elements and are well suited for
intersection avoidance on embedded surfaces. Such double-integral
repulsion energies originate in the knot energy literature [O’Hara
1991] and later inspired tangent-point energies and related smooth
contact potentials in geometry processing [Huang et al. 2025; Sassen
et al. 2024; Yu et al. 2021]. However, such energies are typically sin-
gular or ill-conditioned on non-embedded configurations, making
them poorly suited for repair when initialized from self-intersecting
inputs. Several methods therefore attempt to regularize or local-
ize repulsion, for example by weakening interaction strength or
restricting forces to detected intersections [Jang et al. 2025]. While
these strategies yield fast and practical algorithms, residual self-
intersections often persist in tightly folded regions (Fig. 3).

Summary and positioning. Our method enforces embeddedness
by coupling a global shape-level self-contact energy with a comple-
mentary mesh-level intersection penalty. The formulation operates
directly on static surface geometry, avoids volumetric discretization,
and does not assume a simulation context or temporal coherence.
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Fig. 4. Integrand &(s1,sz) of the Gaussian self-contact energy (1) for a
planar curve I'. Peaks in I X I correspond to self-intersections and converge
to scaled Dirac distributions 8(sy,s2) as € — 0. Increasing & smooths and
spatially distributes these peaks, spreading gradient information along the
curve and enabling globally aware untangling dynamics.
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It applies without modification to multi-object scenes and higher-
dimensional ambient spaces (e.g., 2D surfaces in R*). We provide
no theoretical guarantee that the method will always produce an
embedded surface. In practice, however, it consistently resolves all
self-intersections across a wide range of challenging inputs and sub-
stantially outperforms recent state-of-the-art methods (Section 5).

3 METHOD

We first describe the shape-level and mesh-level energies before com-
bining them into a single untangling objective. Once self-intersections
are eliminated, we apply standard intersection-aware optimization
to reduce deformation while preserving the untangled configura-
tion.

Notation. We distinguish between energies defined on continu-
ous shapes and their discrete counterparts. We denote by % c R3
an underlying surface and by M = (V, F) a triangular mesh approx-
imating ¥. Energies defined on continuous shapes are written using
parentheses, e.g., £(2), while energies evaluated on meshes are
written using brackets, e.g., &[M]. We assume ¥ is a compact sur-
face endowed with an area measure, not necessarily embedded, ori-
entable, or even manifold (in particular, no tangent space or smooth
structure is required). In the discrete mesh setting, embeddedness
corresponds to the absence of self-intersections. Throughout this
section, we use the term self-contact in a geometric sense to denote
zero-separation interactions between geodesically distant regions
of a shape.

3.1 Gaussian Self-Contact Energy (Shape Level)

We introduce a Gaussian self-contact energy designed specifically
for removing self-intersections. In contrast to classical repulsive
energies that are singular on intersecting configurations and pri-
marily suited for prevention, this formulation remains finite while
strongly penalizing close proximity between intrinsically distant
regions of the shape. The Gaussian term provides a global signal
for untangling and is complemented by a mesh-level Minkowski
penalty (Section 3.2) that enforces separation at the discrete level.

3.1.1  Curves. We begin with planar curves to build intuition for the
surface energy. Let I' € R? be a rectifiable planar curve parametrized
byy : I — R?, allowing corners and self-intersections. In this setting,
any such curve can be continuously untangled into an embedding.

ACM Trans. Graph., Vol. 45, No. 4, Article 163. Publication date: July 2026.
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We define the Gaussian self-contact energy on curves as

_ 2
8G(r;£)://lxl W(Sz,Sz) exp(_H}’(Sl) y(s2)ll ds; dsp. (1)

£2

Here s; and sy denote arc-length parameters along I'. The normal-
ization by ¢ ensures consistent scaling under uniform rescaling of
the curve, matching the one-dimensional Hausdorff measure of T'.
The intrinsic weight function w : I X I — Ry is symmetric, non-
negative, and vanishes on the diagonal (s; = s2); throughout we
use w(s1, s2) = dr(si, s2), the intrinsic arc-length distance along the
curve, which suppresses contributions from neighboring points. As
illustrated in Fig. 4, the energy penalizes pairs of points that are
close in Euclidean space but far along the curve, similar in spirit to
classic knot energies such as the Mobius energy [Freedman et al.
1994] and tangent-point energies [Buck and Orloff 1995]. Like these
formulations, self-intersections contribute strongly, while the en-
ergy remains finite on intersecting configurations and becomes
increasingly steep as distinct branches approach one another.

3.1.2  Surfaces. For a surface 3 C R? with area measure dH?, we
define the Gaussian self-contact energy

o2
E(se) = //X ZW(;;y) exp(—“x Ezy” )d?—(z(x)d'Hz(y)A @)

The parameter ¢ > 0 is the Gaussian kernel width; as ¢ — 0 the
energy concentrates on self-intersecting regions of %, while larger ¢
distributes the contribution over a broader neighborhood (cf. Fig. 4).
This interaction scale is induced by the kernel and its bandwidth,
rather than being an intrinsic global property of the energy itself.
Here p > 0 denotes the normalization exponent; for surfaces we
set p = 2, matching the two-dimensional area measure so that the
energy has consistent scaling under uniform rescaling of 3. The
intrinsic weight function w : ¥xX¥ — R, is symmetric, nonnegative,
and vanishes on the diagonal (x = y), suppressing contributions
from pairs of nearby points along the surface; in the discrete setting
(Section 3.5.2), we use a simple adjacency-based definition.

3.1.3 Global Adaptive Bandwidth. To select a suitable value of ¢,
we treat the bandwidth as a variational parameter and analyze the
dependence of Eg(2; ¢) on the scale parameter. For any fixed sur-
face X, the energy vanishes as ¢ approaches 0 and +co: at very small
scales, interactions are suppressed by the Gaussian kernel, while
at very large scales they are washed out by normalization. Conse-
quently, Eg(Z; €) necessarily attains a positive global maximum at
an intermediate scale. This maximum provides a useful signal for
identifying a characteristic interaction scale of the surface. To find
this maximum, we differentiate with respect to ¢,

L ea(me) =PI 2M0 - pPMo(e), )

where My (¢) denote weighted Gaussian kernel moments,

M= [ =l wis (- B2 ar o ar
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used here for k = 0 and k = 2. Critical points ¢ satlsfy 66(%; £*) =
0, leading to the implicit scale-selection condition

2 Ma(e*) _
p Mo(e*) —

Local maxima of Eg(Z;¢) correspond to stable fixed points of
the relation ¢ = g(¢), while local minima give rise to unstable fixed
points. Depending on the geometry, Eg(Z; ¢) may admit multiple
local maxima, each associated with a distinct interaction scale. We
therefore compute candidate scales via fixed-point iteration k1 =

()%= g(e)%.

g(gk). Details of the derivation and its discrete counterpart are
provided in Appendix B. The update map g is nonnegative and
bounded by diam(X), so the iteration remains within a geometrically
meaningful range and converges locally near stable fixed points.

3.1.4  Local Adaptive Bandwidth. A single global bandwidth ¢ en-
forces a uniform interaction scale across the surface. In practice,
surfaces often contain features at very different scales: thin folds
or narrow handles may coexist with large smooth regions. Using
one global scale forces these features to interact in the same way.
We therefore consider spatially varying bandwidths ¢(x) and re-
strict attention to constructions that preserve symmetry of pairwise
interactions and admit a well-defined energy. Among several pos-
sible constructions, we adopt a symmetric formulation in which a
per-point bandwidth field ¢(x) is combined into a pairwise band-
width ¢(x, y) = f(e(x), ¢(y)). The combiner f is chosen to preserve
symmetry, positivity, and scale invariance. This yields the energy

WX, X — 2
Ea(Se) = //2 . g(f( y*)’f, p(— ”g(x 5)”2 ) 2 (x) dHP (),

This formulation reduces to the global model when ¢(x) = ¢ and
preserves the variational structure of the energy. Alternative local
constructions and their limitations are analyzed in Appendix B. We
use the symmetric formulation throughout.

3.1.5 Discrete Formulation. We
discretize the symmetric local
bandwidth formulation on a trian-
gular mesh M = (V, F) with ver-
tices v; € R3 and associated ver-
tex areas A;. The continuous band-
width field e(x) is represented
by per-vertex values {5,}l - and
pairwise distances are r;j = [|v; —
vj||. Continuous weights w(x, y)
are evaluated discretely as w;j.

0.0

Fig. 5. Per-vertex optimal
bandwidths £} mapped onto
the mesh, with a histogram of
their distribution. Fine central
features yield smaller £}°.

Discrete Energy. We define pair-
wise bandwidths using the qua-
dratic mean combiner sizj = % (el? +

5}2). The discrete energy reads
Eg[M;e] = ZAiAjwij e{f exp(—rizjei_jz) . 4)
Lj
To emphasize locality and reduce computational cost, sums over j
may be restricted to a neighborhood ;.



Discrete bandwidth selection. For fixed geometry, optimal band-
widths are obtained by maximizing Eg[M; €] with respect to the
per-vertex values ¢;. In the symmetric local formulation, stationarity
leads to a coupled nonlocal variational condition that is cumbersome
to express explicitly in the continuous setting. After discretization,
however, this condition admits a simple fixed-point form, closely
mirroring the global adaptive bandwidth selection,

2 2
~ 4 Zjen; bijri;  Zjen; bij (6}‘)

(e)° = - = gi(e*),
! P ZjENi bU ZjENi bl] '
where bjj = AjAjwij ei_j(p+4) exp(—rizjsi_jz) and ¢ = f(e;, ¢5). As

in the global case, optimal scales are obtained as fixed points of
an update map ¢? = g(e), but here the updates are coupled across
vertices through neighborhood interactions. For comparison, the
independent local construction yields N decoupled fixed-point re-
lations of the same form. The derivation of this coupled system
from the continuous variational formulation is given in Appen-
dix B. In practice, we solve this system by damped Jacobi iteration,
(12 = (1 - 0)(e5)? + 0.gi(eX), using 0 = 0.25. The effect of
bandwidth adaptation on convergence is examined in Section 5.6.

3.2 Minkowski Penalty (Mesh Level)

The Gaussian self-contact energy operates at the level of the under-
lying shape and is effective at resolving large-scale entanglement
between distant surface regions. However, on discrete meshes, self-
intersections also arise from local geometric degeneracies such as thin
spikes, near-coplanar folds, or poorly shaped triangles. To stabilize
the optimization in these regimes, we introduce a complementary
mesh-level penalty that acts directly on pairs of triangles. This term
adapts the Minkowski-based penalty framework introduced in [Mi-
narcik et al. 2024] to polygonal face interactions in three dimensions,
yielding a smooth, differentiable measure of triangle-triangle sepa-
ration suitable for continuous optimization. In particular, we provide
a 3D triangle-triangle formulation enabling efficient evaluation of
a smooth separation measure and its gradients.

Minkowski difference and separation. Let A, B € R be two trian-
gles. Their Minkowski difference is the convex polytope

A-B={a—-b|lacA be B} (5)
A fundamental property of the Minkowski difference is

ANB#@® & 0eA-B. (6)

Thus, intersection testing reduces to determining whether the origin
lies inside a convex polytope. More importantly, the signed distance
of the origin to A — B provides a natural penetration-depth-like
measure of overlap that depends only on relative configuration,
without requiring volumetric inside-outside information (Figure 6).

Half-space formulation. A tempting approach to evaluating the
signed distance to the Minkowski difference A — B is to reason
directly about its vertices. Since A — B is the convex hull of all differ-
ences a; —bj, one could in principle construct this polytope explicitly
and then compute its signed distance function. In practice, however,
this route is unnecessarily indirect: explicit polytope construction
introduces combinatorial complexity, and recovering the signed
distance from such a representation requires additional geometric
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A-B A-B

A

Fig. 6. Intersection, tangency, and separation of triangles A and B cor-
respond to the origin lying inside, on the boundary of, or outside the
Minkowski difference A — B (left to right). The resulting signed distance
provides a smooth separation measure for mesh-level contact.

queries. Since our goal is only the signed distance to A — B, we
bypass this intermediate step and instead represent the Minkowski
difference as an intersection of supporting half-spaces,

A-B = ﬂHn, (7)

where each half-space H,, = {x € R3 | (n,x) < hy, } is defined by a
unit normal direction n and support value h, = max; j(n, a; — b;).

The set of directions N encodes all possible face orientations
of the Minkowski difference (Figure 7). Any face normal of A — B
must arise either from a triangle face of A or —B, or from an edge—
edge interaction between A and B. Accordingly, N consists of the
two triangle face normals together with all cross products eq X ep
between edges e4 of A and edges eg of B, normalized to unit length.

Signed distance at the origin. For a supporting half-space H, =
{x | {(n,x) < hyp} with unit normal n, we define the signed distance

¢(X’Hn) = <n’ x> - hn-

Using the finite set of candidate normals N (Figure 7), we evaluate
the signed distance to the Minkowski difference at the origin by
taking the maximum over these half-spaces,

$(0, A = B) := max $(0, Hp). ®

For intersecting triangle pairs, ¢(0, A — B) < 0, while non-negative
values indicate tangency or separation. Although (8) is defined using
a finite normal set, it is exact in the regime relevant to the penalty:
when 0 € A — B, the closest point lies on a supporting face whose
normal is contained in N, and the maximizing half-space recovers
the correct signed distance. Gradients follow directly from the active
half-space and are piecewise smooth.

Penalty and gradients. Let # denote the set of unordered pairs of
non-adjacent triangles in the mesh,

P = {(A, B) | A, B are non-adjacent triangles ofM}. )
The mesh-level Minkowski penalty is defined as

EmIM] = Z max{0, = (0, A — B)}. (10)
(AB)eP

Only intersecting triangle pairs contribute to the sum, for which
0 € A—Band ¢(0,A— B) < 0. In this regime, the signed distance at
the origin is realized by a supporting face whose normal lies in the
candidate set N, so the half-space formulation recovers the correct
penetration depth. Gradients follow from the active supporting half-
space and are piecewise smooth, enabling efficient optimization.

ACM Trans. Graph., Vol. 45, No. 4, Article 163. Publication date: July 2026.
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candidates
5 —b %

A—-B

face normal a, az as

x ¢

Fig. 7. Faces of the polytope A—B admit only a small set of normal directions
N. These arise either from triangle faces of A or —B, or from edge—edge
parallelogram directions induced by pairs of edges from A and B.

General polygonal faces. Although described A-B
for triangles, the mesh-level Minkowski penalty ~ 0
applies equally to meshes with general convex
polygonal faces, such as quadrilaterals or mixed P
. - . B A
polygonal discretizations. The construction de-

pends only on the relative configuration of the
faces: the Minkowski difference A — B remains a convex polytope,
and the half-space surrogate is obtained by considering candidate
normals induced by edge directions of the two faces. Compared to
the triangular case, this enlarges the normal set A with no change
to the formulation, evaluation, or optimization.

Why not intersection length? A natural alter-
native is to penalize the length of the intersec-
tion curve between intersecting triangles. While
geometrically well defined and independent of
volumetric information, intersection length mea-
sures only the size of the contact set, not the distance to a non-
intersecting configuration. For instance, a thin triangle orthogonally
piercing a larger one produces an arbitrarily short intersection seg-
ment despite requiring a large displacement to resolve the inter-
section. As a result, minimizing intersection length promotes tan-
gential sliding or thinning rather than fast separation. Moreover,
length-based gradients depend on the combinatorial structure of the
intersection and are unstable under topological changes, requiring
costly case-dependent differentiation.

3.3 Untangling Objective

We formulate surface untangling as the minimization of a single
objective combining complementary shape-level, mesh-level, and
regularization terms:

Suntangle [M] = Ag Eg[M; €] + An EM[M] + Areg Ereg[M]. (11)

Here, EG[M; €] denotes the discrete Gaussian self-contact energy
with an adaptive bandwidth field &, EM[M] denotes the mesh-
level Minkowski penalty, and Ereg[M] is a regularization term
encouraging local shape preservation. The Gaussian self-contact
energy drives large-scale untangling of the surface, enabling re-
moval of global entanglement. The Minkowski penalty stabilizes
local triangle-triangle interactions near folds, thin features, and
other discrete degeneracies. As a regularizer, we use an as-rigid-
as-possible (ARAP) energy [Alexa et al. 2000], which discourages

ACM Trans. Graph., Vol. 45, No. 4, Article 163. Publication date: July 2026.

original scene with
self-intersections

resolved
(front view)

resolved
(back view)

Fig. 8. A self-intersecting jellyfish mesh is optimized with a rigid anchor
whose vertices are fixed by zeroing their gradients. The optimization removes
intersections within and between objects while respecting non-moving
geometry, enabling constrained scene arrangement.

unnecessary distortion and guides the surface toward a nearby con-
figuration once intersections are resolved.

3.4 Recovery Objective

The untangling process can introduce unwanted deformation to
the mesh. To obtain an intersection-free mesh that is close to the
initial shape and inspired by Guaranteed Globally Injective 3D De-
formation Processing (IDP) [Fang et al. 2021], we perform shape
recovery, or the reverse flow, with continuous collision detection
(CCD) applied in every optimization step. Similar to the untangling
objective, we formulate the recovery process as the minimization of
the following objective:

8recovery [M] = j~1reg éreg [M] + Arpc Epc [M]: (12)

where éreg [M] denotes the regularization energy for the reverse
flow. Similar to IDP, it consists of an ARAP energy computed per tri-
angle face, a bending energy, and a quadratic penalty, while Eipc [M]
denotes the IPC barrier energy [Li et al. 2020] for avoiding interpen-
etration.

3.5 Optimization and Implementation Details

We summarize the key optimization and implementation choices
in this section; further details are provided in the supplementary
material.

3.5.1 Solver. For the untangling stage, we use the L-BFGS solver [Liu
and Nocedal 1989] with y = 10~% for the Armijo condition param-
eter. We employ a backtracking line search that enforces the Armijo
sufficient-decrease condition, initialized with step size & = 1 and
iteratively halved until the condition is satisfied or @ < 10710, at
which point the line search terminates. The solver terminates when
no non-adjacent triangle-triangle intersections are detected.



For the reverse-flow stage, we use the idea of artificial time-
stepping in IDP, and we run for fixed 500 Newton steps. To provide
strong non-intersection guarantees, we employ an intersection-
aware backtracking line search in the style of IPC. Each Newton
step is solved using a preconditioned conjugate gradient method
with a relative tolerance of 107 and a diagonal Jacobi precondi-
tioner.

3.5.2  Discrete Intrinsic Weight Function. In the discrete setting, we
use a deliberately simple intrinsic weight function w, with w;; =0
for adjacent vertices and w;; = 1 otherwise. This yields compact
closed-form gradients and efficient optimization.

3.5.3  Explicit Gradients. To avoid automatic differentiation and
improve performance, we derive explicit closed-form expressions
for the gradient of the Gaussian self-contact energy. Quadrature
weights a;; = AjAjwi; are treated as constant during differentiation
and are recomputed periodically to reflect geometric changes. Let
{Ui}fil c R3 denote the mesh vertices, and let rij = ||loj—v;|| denote
their pairwise distances. The gradient with respect to a vertex v; is

2 2 -2
Vo, Ec[M;e] = ~oz Z aij eXP(_”ijf ) (vi —vj),
Jj#i
which corresponds to Gaussian-weighted pairwise forces that in-
crease separation between spatially close regions.

3.5.4 Neighborhood Truncation. To accelerate evaluation of the
Gaussian self-contact energy, we restrict pairwise interactions to a
finite neighborhood. Specifically, for each vertex v; we consider only
vertices v; satisfying r;; < N and discard all pairs with r;; > N.
Since the Gaussian kernel decays exponentially in r;;/e, contribu-
tions from distant pairs are numerically negligible, and this trun-
cation does not affect optimization behavior while significantly
reducing computational cost. In practice, N is chosen as a fixed
multiple of the bandwidth e.

3.5.5 Scaling and Units. Under uniform scaling M +— XM, pairwise
distances and vertex areas scale as r;j = Xr;j and A; — X2A;. For
surfaces (p = 2) with bandwidth scaled as ¢ — Xe¢, the Gaussian self-
contact energy scales as X when using an intrinsic weight function
w, and as X? for scale-free weights. The Minkowski penalty Ey;[M]
scales linearly. In our experiments, we address differing scaling
behavior by rescaling all meshes to a common unit scale.

4 APPLICATIONS

Once surface embeddedness can be reliably enforced, a wide class of
otherwise difficult problems reduces to tractable geometric optimiza-
tions. We present representative applications spanning practical
geometry processing as well as mathematically motivated construc-
tions arising in geometric modeling and topology.

4.1 Dataset Cleaning

Self-intersecting meshes are pervasive in large-scale datasets of 3D
shapes used in geometry processing and generative modeling, and vi-
olate the assumption that a surface represents a valid physical shape,
corrupting downstream simulation, fabrication, and learning-based
pipelines [Xiang et al. 2024]. Our method enables dataset cleaning by
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Fig. 9. Initial planned routes for six agents (top) and the corresponding
untangled routes (bottom).

removing all self-intersections across diverse benchmarks spanning
generative models, animation assets, and analytic constructions
(subsection 5.2), while remaining effective on non-manifold meshes,
immersion failures, and severely degenerate geometries (see sub-
section 5.4).

4.2 Constrained Scene Arrangement

Our formulation naturally extends to scenes composed of multi-
ple independent meshes, including configurations with prescribed
non-moving geometry. By zeroing gradients of selected vertices,
individual components can be treated as rigid anchors while the
remaining geometry is optimized jointly. This enables the removal
of intersections within individual meshes as well as between distinct
objects while respecting fixed constraints (Fig. 8). Note that this
capability is not supported by [Sacht et al. 2013], whose conformal
mean curvature flow treats meshes independently and does not
account for other objects, allowing convergence to configurations
with multiple overlapping spheres and preventing fixed geometry.
This behavior follows from enforcing embeddedness at the level of
the combined scene rather than locally or per object.

4.3 3D Multi-Agent Path Planning

With anchored constraints, our framework naturally extends to
multi-agent 3D path planning: given an initial route for each agent
with prescribed start and goal positions, we jointly optimize the
routes to eliminate inter-route intersections while penalizing devi-
ations from the initial plans. To demonstrate this idea, we model
six agents as spheres and represent each agent’s swept path as a
cylindrical volume. We anchor the two circular end caps to fix the
start and goal positions. We then apply our untangling and recov-
ery pipeline to these cylinder volumes, yielding non-intersecting
trajectories while keeping each route close to its initial plan. The
initial route and the resulting route are shown in (Fig. 9), and we
observe that the agents’ routes have zero intersections in a spiral
shape while staying close to its originally planned route. We note
that our method does not guarantee intersection-free agent motion,
since the bounding volumes may deform during optimization. Nev-
ertheless, it may be possible in future work to impose additional
constraints so that each volume remains a uniform bound on the
agent’s swept region.

ACM Trans. Graph., Vol. 45, No. 4, Article 163. Publication date: July 2026.
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Fig. 10. We demonstrate how surface untangling with fixed boundary can
be used in two related geometric constructions. In the top row, a Hopf-linked
pair of planar curves is connected by a naive spanning surface, which is
untangled into an embedded Seifert surface realizing the same prescribed
boundary. In the bottom row, we construct an explicit isotopy between two
embedded planar curves by first connecting them with a naive annular
surface and then untangling it into an embedded annulus, whose planar
cross-sections trace the isotopy.

4.4 Construction of Embedded Seifert Surfaces

A Seifert surface for a knot or link T' ¢ R3 is a compact, oriented,
embedded surface ¥ satisfying 9% = I'. Such surfaces are fundamen-
tal objects in low-dimensional topology, where they define classical
invariants such as knot genus, and they arise naturally in geometric
modeling and scientific visualization as explicit spanning surfaces
for knotted curves and fields. A classical result due to Seifert gives an
explicit combinatorial construction from knot diagrams by resolving
crossings into Seifert circles and attaching twisted bands [Seifert
1934]. While this algorithm guarantees the existence of a spanning
surface and fixes its topology, the resulting geometry is largely de-
termined by the band structure. Subsequent work has shown how
such surfaces can be smoothed and improved geometrically while
preserving embeddedness [van Wijk and Cohen 2005], but there is
limited control over the surface shape when the boundary curve
is prescribed as a smooth embedding in R3. We demonstrate how
our energy-based framework can be used as a geometric optimiza-
tion stage in this setting. Given a prescribed boundary I' and an
initial spanning surface X satisfying dX¢ = T’ that may contain self-
intersections, we optimize an energy combining untangling terms
with curvature-based regularization while enforcing the boundary
constraint d%¥; = T throughout the evolution. The optimization
removes self-intersections and produces an embedded surface 3 re-
alizing the same boundary. Constructing an initial spanning surface
with the desired topology remains a separate problem; our method
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addresses the geometric stage of transforming a given surface into
an embedded Seifert surface with fixed boundary. In Fig. 10, we
demonstrate this procedure on a Hopf link.

4.5 Explicit Isotopies Between Embedded Curves

Beyond static surface repair, our method can also be viewed as
operating on surfaces that encode a continuous deformation in one
higher dimension. We illustrate this using isotopies between planar
curves, which can be represented as embedded surfaces in R3. Let
I, I € R? be closed embedded curves. An explicit isotopy between
them can be described by a continuous map

y:SlX[O,l]—>R2,

such that y(-,0) and y(-, 1) parametrize Iy and I}, respectively, and
v (-, t) is embedded for all ¢ € [0, 1]. By the Jordan-Schonflies the-
orem, any two embedded closed planar curves admit an ambient
deformation in the plane. We construct such deformations by em-
bedding I} and T, as boundary curves in parallel planes in R® and
initializing an annular surface ¥y with boundary 0%y = I'1 U Iy,
which may be self-intersecting. Minimizing an energy that enforces
surface embeddedness while keeping the boundary fixed yields an
embedded annulus X. Intersections are resolved at the level of the
full space-time surface, and planar cross-sections of ¥ directly pro-
duce an explicit isotopy between I'1 and I';, as shown in Fig. 10. In
the planar setting, curve shortening flow preserves embeddedness
and, by Grayson’s theorem, evolves any embedded closed curve to
a convex one [Grayson 1987], suggesting an alternative route to
isotopy construction. However, such flows impose strong geometric
smoothing and provide limited control over intermediate configura-
tions, feature preservation, and pointwise correspondence along the
curve. In contrast, the surface-based formulation enforces embed-
dedness globally in space-time and supports additional geometric
constraints through the energy, making it suitable for controlled
deformation trajectories.

Higher-Dimensional Isotopies. The same viewpoint extends nat-
urally beyond planar curves. Given two embeddings K, K ¢ R?
of the same knot, a deformation between them can be represented
as a surface embedded in one higher dimension. In this setting,
isotopies correspond to embedded cobordisms in R*, where the
additional dimension plays the role of a deformation parameter.
While existence results guarantee that such deformations exist, con-
structing explicit and geometrically controlled isotopies between
knot embeddings remains a challenging and active area of research
[Dohrer et al. 2025]. The surface-based formulation presented here
reframes knot deformations as an embeddedness problem in one
higher dimension.

5 RESULTS

Our results show that enforcing embeddedness at both the shape and
mesh levels yields complete removal of self-intersections in cases
where prior state-of-the-art methods leave residual defects. Beyond
such comparisons, we demonstrate robustness on a wide range of
challenging inputs arising in practice, including non-manifold, non-
orientable, non-immersed, and multi-component geometries. We
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Fig. 11. A book model composed of multiple pages welded along a shared
spine, forming non-manifold junctions and extensive self-intersections (left)
is untangled while preserving the non-manifold connectivity (right).

further present ablations that clarify the roles and tradeoffs of the
individual components of our formulation.

Implementation. We implement our system in C++ and CUDA
(Toolkit 13.1) and evaluate it on Ubuntu 24.04. All benchmark exper-
iments for comparisons are run on a workstation equipped with an
Intel Core 19-13900KF CPU (24 cores, up to 5.8 GHz) and an NVIDIA
GeForce RTX 4090 GPU. Our implementation additionally relies on
NVIDIA Thrust and cuSPARSE for parallel primitives and sparse
linear algebra.

5.1 Comparison to Instant Repair

The closest related work and current state-of-the-art method is
Instant Repair [Jang et al. 2025], which addresses the same prob-
lem of removing self-intersections in static surface meshes. Their
method adapts Tangent Point Energy, originally designed for self-
intersection prevention, to the repair setting. While their approach
resolves a large fraction of intersections, most meshes in their
dataset are not fully repaired. In practice, partial solutions are in-
sufficient, as mesh repair is a preprocessing step for pipelines that
require fully embedded surfaces. Empirically, unresolved cases con-
centrate in regions of fine-scale geometric complexity, including
small mesh degeneracies, creases, and high-curvature areas, where
smooth global energies struggle to enforce local disentanglement
due to cancellation of diffused gradients. In contrast, our method ex-
plicitly targets such configurations and resolves all self-intersections
in the dataset. Furthermore, since we resolve all self-intersections,
we can obtain fully embedded meshes with small deformation by
applying the reverse flow. Finally, unlike Tangent Point Energy
formulations, our objective remains well-defined for non-manifold
intermediate states and immersion failures such as cross-caps, as it
does not rely on the existence of a well-defined tangent space.

5.2 Benchmark Overview

Beyond the ISIR benchmark, we evaluate our method on a set of
application-driven datasets spanning generated meshes, animation
assets, and mathematically constructed surfaces. Together, these
datasets cover a wide range of geometric complexity, articulation,
and self-intersection patterns, allowing us to assess robustness
across both practical and extreme scenarios. Below, we briefly de-
scribe each dataset.
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SMAL. A parametric articulated animal model with consistent
mesh topology across poses and shapes. We evaluate five cate-
gories (lions, cows, dogs, hippos, and horses), totaling 49 meshes.
Large articulation-induced deformations frequently introduce self-
intersections, making this dataset representative of non-rigid ani-
mation scenarios.

SCAPE. [Dragomir et al. 2005] A data-driven human body model
that produces meshes of human bodies in a range of articulated
poses. The dataset contains 71 meshes; to focus on untangling be-
havior, we retain the 68 meshes that exhibit self-intersections. We
normalize this dataset so that the maximum size of its bounding
box is 1.

Microsoft Rocketbox Avatar Library. [Gonzalez-Franco et al. 2020]
A collection of fully rigged, production-style character meshes with
substantial variation in shape and pose. We retain the largest con-
nected component of each mesh, yielding 140 single-component
models. Intersection-free meshes are included to reflect realistic,
unfiltered pipeline settings.

Analytic Surfaces. A curated set of 26 analytically constructed
surfaces exhibiting extreme self-intersection behavior, including
non-orientable and highly degenerate configurations (see Section A
and Figs. 20, 21, 19).

Throughout the benchmark, we compare against the open-source
implementation of Instant Repair (ISIR). To ensure a meaningful
comparison, we increase its iteration cap to 15,000 per case, select
parameters to maximize its success rate on each dataset, and report
its best result over the run. This brings ISIR’s runtime into the
same order of magnitude as ours and reflects its strongest attainable
performance under generous computational budgets.

For our method, we use the same L-BFGS configuration for the
untangling stage and the same Newton solver and energy-weight
settings for the reverse-flow stage across all datasets. Within each
dataset, we use a shared choice of weights for Apf, Areg and neigh-
borhood size N in the majority of cases, and adjust them only for
a small number of extreme examples. Across all benchmarks, the
method consistently produces final surfaces with zero non-adjacent
triangle-triangle intersections (Table 1). In practice, shared param-
eter settings resolve all cases in several datasets (e.g., SCAPE and
Analytic Surfaces) and suffice for the majority of meshes in the
remaining benchmarks.

5.3 Comparison to Conformalized Mean Curvature Flow

Conformalized mean curvature flow W\
(cMCF) [Sacht et al. 2013] is a nat-

ural first idea for addressing self- f \ A ’ \
o

intersections, but it is fundamentally i
not designed for this task. Any re- < “\!q"J : /

moval of self-intersections is an indi-

rect byproduct of geometric smoothing rather than an explicit no-
tion of embeddedness, and the method is known to introduce severe
distortions, including global shape collapse and orientation flips
(Fig. 14). As acknowledged in the original work, cMCF is formulated
for closed genus-zero surfaces and does not naturally extend to sur-
faces with boundary (Fig. 12), non-manifold geometry (Fig. 11), or
constrained regions. Moreover, cMCF treats meshes independently:
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Table 1. Benchmark Results: Our Method vs. Instant Repair.

Dataset Name Method Dataset Size  Fully Resolved Meshes Unique Intersecting Triangles Time (s)
ISIR Benchmark Ours 60 60 0 2217.20
ISIR Benchmark Instant Repair 60 11 8331 281547
SMAL Ours 49 49 0 1409.23
SMAL Instant Repair 49 0 27892 2406.82
Analytic Surfaces Ours 26 26 0 1062.61
Analytic Surfaces Instant Repair 26 6 22975 627.79
Microsoft Rocketbox Ours 140 140 0 467835
Microsoft Rocketbox Instant Repair *140 22 11335  4983.71
SCAPE Ours 68 68 0 1706.11
SCAPE Instant Repair 68 0 5193  4605.40

*Two models containing quad-faces in Microsoft Rocketbox are ignored for Instant Repair.

PéPohs

0 intersections

Whitney umbrella

Fig. 12. Minimizing Gaussian self-contact energy untangles surfaces with
singularities. Starting from a Whitney umbrella with a crosscap (left), the
flow removes self-intersections and produces an embedded surface (right).

in multi-object scenes, surfaces do not interact and may converge
to mutually intersecting configurations, making it unsuitable for
constrained or multi-object untangling problems (Fig. 8).

5.4 Robustness to Challenging Geometry

Our method operates without assuming manifoldness or immersion
of the input surface and therefore handles non-manifold meshes and
singular geometry. This includes meshes with multi-face junctions
and sheet-like intersections (Figure 11), surfaces with immersion
failures such as the Whitney umbrella with a cross-cap singularity
(Figure 12), geometrically degenerate but topologically simple sur-
faces such as the cylindrical constructions in Figure 21, as well as
other examples throughout the paper that contain non-manifold
configurations, including the multi-object jellyfish scene (Figure 8).
This robustness follows from the formulation of the untangling
energy: both the Gaussian self-contact energy and the Minkowski
penalty depend only on embedded distances between surface ele-
ments, while the regularization term relies solely on local adjacency
information, without requiring consistent normals, curvature, ori-
entability, or a manifold differential structure.

5.5 Why the Untangling Phase Is Necessary

One might ask whether reverse flow could be applied starting from
a simple embedded surface consistent with the mesh topology (e.g.,
a sphere or torus), bypassing the energy optimization used to re-
move self-intersections. Reverse flow, however, is constrained by
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Fig. 13. The untangle phase yields a nearby embedding from which reverse
flow can recover the original shape (top). In contrast, when initialized from
a simple shape in a different isotopy class, such as a torus, reverse flow
cannot reach the target surface, regardless of optimization (bottom).

isotopy: it can recover the target surface only when initialized from
an embedding in the same isotopy class. Initializing from a simple
embedded surface in a different isotopy class is topologically ob-
structed and cannot converge to the desired geometry (Figure 13).
Moreover, for self-intersecting inputs the isotopy class is not defined
a priori, since the surface is not embedded. The energy optimization
therefore plays a necessary role by resolving self-intersections while
remaining close to the input geometry, producing a valid embedded
initialization from which reverse flow can meaningfully operate.

5.6 Adaptive Bandwidth Ablation

Bandwidth Scale. The bandwidth parameter ¢ plays a decisive
role in determining not only the rate of untangling but also the
qualitative outcome of the deformation. Figure 14 illustrates this
effect on the self-intersecting Flying Saucer surface introduced by
Sacht et al. [2013]. For large bandwidths (& > ¢*), self-intersections
are resolved through a global inside-out flip of the surface, consis-
tent with the behavior observed for conformalized mean curvature
flow. In contrast, using the optimal bandwidth ¢* removes all self-
intersections without inducing a global orientation flip, producing
a closed surface with less global deformation.



Sass

Fig. 14. Starting from the self-intersecting Flying Saucer [Sacht et al. 2013]
(left), a large bandwidth (¢ = 10 £*) resolves intersections by flipping the
surface orientation, as reported for cMCF. Using the optimal bandwidth ¢*
instead removes all self-intersections while preserving orientation.
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number of iterations 800

Fig. 15. Evolution of the bandwidth parameter ¢ for an example mesh
human/SMPL_00@1. Local adaptive bandwidth converges in 195 iterations,
compared to 773 iterations for frozen local &, while global bandwidths
require 808 iterations when adaptive and 835 when frozen.

Bandwidth Adaptation. We compare bandwidth strategies in which
¢ is either held fixed throughout optimization (frozen) or updated at
each iteration based on the current geometry (adaptive), considering
both local (per-vertex) and global (single scalar) formulations. We
evaluate these variants on meshes from [Jang et al. 2025], measuring
the number of solver iterations required to reach an embedded con-
figuration. Median iteration counts are 225 for local-adaptive, 245
for global-adaptive, 1036 for local-frozen, and 1504 for global-frozen
bandwidths. Adaptive bandwidths therefore converge in substan-
tially fewer iterations, with local adaptation performing best. Band-
width updates incur a per-iteration overhead (below 20%), which is
offset by the reduction in total iterations (Fig. 15).

5.7 Do We Need Both Interaction Energies?

Robust surface untangling requires reasoning about self-intersections
at both the level of the continuous shape and the discrete mesh.
Figures 16 and 17 illustrate complementary failure modes when
only one interaction energy is used. Mesh-level penalties efficiently
resolve local collisions but cannot induce the coordinated global mo-
tion required in deeply interpenetrating configurations, while shape-
level energies capture large-scale entanglement yet may overlook
fine-scale mesh degeneracies. Combining both terms is therefore
essential for robust untangling across geometric scales.
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I e ;
4 4
Fig. 16. The wolf3 mesh from [Jang et al. 2025] can be untangled using
the Minkowski penalty Eas alone, as local interactions are sufficient to
resolve its self-intersections (left). In contrast, the bear3 mesh exhibits a
deep penetration of the paw into the head that cannot be resolved by Exr
alone, since purely local forces fail to induce the required global motion

(right); a global shape energy term is required. Overall, 33 out of 60 meshes
in this dataset are successfully untangled using Es alone.
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Fig. 17. To stress test the limitations of shape-level interaction energies,
we generate an extremely crumpled surface by applying high-frequency
noise to a planar square mesh. Minimizing the Gaussian self-intersection
energy &g alone substantially reduces large-scale penetrations but fails to
eliminate all self-intersections due to locally degenerate mesh configura-
tions (middle). Adding the mesh-level Minkowski penalty Eas resolves the
remaining intersections, yielding a fully embedded surface (right).

5.8 Effect of Regularization Strength

The regularization weight Areg controls the trade-off between shape
fidelity and the efficiency of untangling. As shown in Fig. 18, larger
values preserve the original geometry more closely but require more
iterations to eliminate all self-intersections, while smaller values al-
low faster untangling at the cost of larger intermediate deformation.
In practice, we intentionally use weak regularization during the
forward untangling phase, permitting substantial deformation to
resolve complex self-intersections. Because the method includes a
reverse flow that maintains embeddedness and does not alter mesh
connectivity, the original geometry can subsequently be recovered
within the same optimization framework.

6 LIMITATIONS AND FUTURE WORK

Topological Obstructions. Our approach, like
any method based on continuous deformation,
is limited by topology. In particular, surfaces that
admit no embedding in R3, such as the Klein
bottle or the real projective plane RP?, cannot
be transformed into an embedded configuration
by any geometric process. In these cases, self-
intersections reflect a fundamental obstruction
rather than removable geometric entanglement.
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Fig. 18. Effect of the regularization weight Az on untangling behavior.
Input meshes with self-intersections are shown (left), and untangled results
obtained with increasing values of Az are shown (right). The number of
iterations i required to eliminate all self-intersections is reported for each
run. Very small Areg can also slow convergence due to excessive deformation.

Extreme Polyhedral Geometries. To stress test the untangling frame-
work, we applied our method to highly constrained high-genus
polyhedral surfaces, motivated by recent constructions of symmet-
ric polyhedral embeddings of regular maps with genus 2 < g < 14
[Bokowski and H. 2025]. Starting from known embedded configu-
rations reported in [Bokowski and H. 2025], the method recovers
a nearby embedded surface after small perturbations (inset top),
for example for the R3.2_D3 surface under small random noise.
In contrast, when initialized far from
any known embedding, such as from
random vertex positions for the
R3.1_T topology, the optimization
does not converge to an embedded
realization (inset bottom), although
the number of self-intersections is
substantially reduced (from 243 to
108). The constructions in [Bokowski |
and H. 2025] rely on specialized numerical optimization and symme-
try exploitation; incorporating an untangling energy with suitable
regularization could complement such approaches and potentially
accelerate or systematize similar searches.
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Higher-Dimensional and Space-Time Extensions. Several directions
opened by this work lie beyond the three-dimensional setting. As
discussed in Sec. 4.5, interpreting one spatial dimension as a defor-
mation parameter allows isotopies to be formulated as embedded
surfaces in a higher dimension. For example, in knot theory, defor-
mations between two embeddings of the same knot in R3 corre-
spond to embedded cobordisms in R*. Although existence results
guarantee that such deformations exist, constructing explicit and
geometrically controlled knot deformations remains difficult and is
an active area of research [Dohrer et al. 2025]. More broadly, treating
surfaces as space-time objects connects naturally to swept volumes
and deformation trajectories, suggesting potential applications in
shape evolution and motion planning.

7 CONCLUSION

We presented an energy-based framework for enforcing embedded-
ness by coupling complementary shape-level and mesh-level energies
within a single variational formulation. The shape-level term detects
and penalizes large-scale self-intersections independently of mesh
resolution, while the mesh-level penalty regularizes local discrete in-
tersections. Together, these components enable consistent removal
of self-intersections without changing mesh connectivity across a
broad range of inputs, including highly entangled surfaces, non-
manifold geometry, and multi-object scenes with fixed components.
More broadly, reliable enforcement of embeddedness transforms
many otherwise ill-posed surface manipulation and deformation
problems into tractable geometric optimizations.
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Fig. 19. Representative subset of our mathematical surface dataset. Each column shows one surface in three states: the original self-intersecting input (top),
the fully untangled embedded configuration (middle), and the final result after reversing the flow while preserving embeddedness (bottom). The examples span
diverse surface types and qualitatively different intersection configurations, illustrating the variety of untangling scenarios covered by the benchmark.
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embedded reverse flow (front and top)

initial non-orientable surface

Fig. 20. Extending the parameter domain of a Mébius surface yields a
severely self-intersecting, intrinsically non-orientable mesh for which inside-
outside reasoning is undefined. Our method recovers an embedded surface
in R® without altering topology.

A MATHEMATICAL SURFACE DATASET

We propose a mathematical surface dataset of 26 meshes designed
to systematically expose challenging self-intersection phenomena.
The dataset spans orientable and non-orientable surfaces, surfaces
with and without boundary, varying genus, and multiple bound-
ary components. Beyond topological diversity, the meshes exhibit
qualitatively different intersection structures, including isolated
double curves, branching intersection networks, triple points, and
intersection endpoints at singularities (Fig. 19).

Surfaces beyond the immersion regime. Classical results in immer-
sion theory, such as classification up to regular homotopy [Pinkall
1985] and parity laws for triple points [Banchoff 1974], provide
strong global invariants but apply only to immersed surfaces. In
contrast, surfaces arising in geometric modeling and mathematical
visualization routinely violate immersion assumptions, exhibiting
stable singularities such as cross-caps and creases. Singularity the-
ory following Whitney [Whitney 1944] and Mather, as presented
for example in Golubitsky—Guillemin [Golubitsky and Guillemin
1973], characterizes the local structure of these singularities but
does not constrain their global arrangement, allowing complex self-
intersection configurations to arise naturally on a single surface.
These phenomena are deliberately represented in the dataset.

B VARIATIONAL ANALYSIS OF ADAPTIVE BANDWIDTH

We treat the bandwidth parameters as variational degrees of free-
dom and derive optimal values from stationarity of the discrete
Gaussian self-contact energy. The resulting conditions show that
the bandwidth corresponds to a weighted root-mean-square of pair-
wise distances, yielding an intrinsic interaction scale.

B.1 Global Bandwidth (Discrete Derivation)

The discrete Gaussian interaction energy is
1 —2.2
E:[M] = ZAI'AJ'WU 7 exp (—5 rij) ,
Lj
where r;j = ||lv; — vj||. For fixed geometry, the bandwidth ¢ con-

trols which pairwise distances contribute significantly to the energy.
Small values emphasize only very close pairs, while large values
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distribute the interaction over a broader range of distances. Differ-
entiating with respect to ¢ gives

d 1 —22 2 2
ESSZEPTZAiAjwij exp(—g rij) (Zrij—ps).
LJ

Setting %85 = 0 yields the stationarity condition

2 2ij rl.sziAjwij exp[—(&* _Zrl.zj]

P i jAiAjwij exp[—(f*)fzf’?j]

The optimal scale £* equals 4/2/p times the Gaussian-weighted RMS
of pairwise distances, consistent with ¢2 = 2Mz/(pMo). A damped
fixed-point iteration is

(E*)Z —

2 2ij rl.sziAjwij exp(—e;zrizj)

2 2
g, —(1-0)e +0 — .
e+l k 2i,j AiAjwij exp(—ekzrl.zj)
B.2 Fixed-Point Interpretation

The update defines a nonlinear map ¢ = g(¢). Since pairwise dis-
tances are bounded by diam(M), the map is nonnegative and bounded,
and the iteration remains within a geometrically meaningful range.
In practice, a damped update with 6 < 1 is used for stability.

B.3 Local Bandwidth Formulations

To capture spatial variation, we introduce per-vertex bandwidths ¢&;
and consider ways of localizing the global variational problem.

(I) Independent local bandwidth. A direct extension assigns to each
vertex i a local energy depending only on interactions centered at i,

Aj _
8,’(8,‘) = j ZAjWij exp (—é‘i Zrizj) s
i J

and optimizes & = }; &; with respect to each ¢; independently.
Differentiating &; with respect to ¢; gives

— 3 _
0¢; 61 = & (p+3) ZAiAjwij exp (—ei 2rizj) (Zrizj —psl-z),
J

and setting d;, &; = 0 yields the corresponding stationarity condition
o XjriAjwijexp[—(ef)72rE]
P ZjAjWijeXP[_(fi*)_zrizj]

This produces decoupled updates, but the interaction is asymmetric
in (i, j) and does not arise from a symmetric pairwise energy.

()=

(II) Symmetric local bandwidth (used). To preserve symmetry, we
instead define pairwise bandwidths ¢;; = f (e, £;) and optimize the
symmetric energy

E[M;e] = ZAiAjwij E;J.P exp (—ei_jzrizj) .
Lj

In this formulation, each ¢; influences all incident pairs (i, j), leading
to a coupled variational problem. The derivative with respect to ¢;
involves contributions from all such pairs and yields a nonlinear
system whose explicit form is derived in the following subsection.
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Fig. 21. Our method resolves two extreme cylindrical degeneracies: a cylinder wrapped N times around its axis, producing dense self-intersections (left), and a
cylinder with a smoothly inverted vertical radius that collapses an entire cross section to a single point (right). After resolution, the singular region locally
opens into a shape reminiscent of a ruled hyperboloid (bottom right), while the rest of the surface undergoes only minimal deformation.

Table 2. Bandwidth models for the Gaussian self-contact energy: a global
scalar fixed-point iteration, independent per-vertex updates (1), a coupled
per-vertex system (II), and a closed-form pairwise solution that yields a
diverging energy (lll). Model (I1) is used in all experiments.

MoDEL BANDWIDTH  ENERGY

Global & = g(e*) Zi,j Sij(f*)
(D  Independentlocal & = gi(e]) i Gied)
(I1) Symmetric local ¢ = g;(¢*) i Sij (f(ef, s}())
(IlT) Pairwise optimal E;} o rij diverges

(III) Pairwise optimal bandwidth. A limiting construction treats
each ¢;; as an independent variable and maximizes the energy with
respect to each pair. Differentiating with respect to ¢;; gives

N4 —2.2\) _ .~ (»+3) 2.2 2 2
Oc;; (eij exp (—eij rij)) =& exp (—eij rl-j) (Zrij —psij),

and setting this to zero yields (ef‘j)z = I%rl.zj. Substituting this back
into the energy eliminates the Gaussian kernel and produces a
singular Riesz interaction proportional to rl._jp , which diverges as

rij — 0 and is unsuitable for regularized self-contact.

B.4 Symmetric Formulation: Discrete Derivation

Differentiating & with respect to ¢; gives

—(p+4 -
06,6 = ZAiAjWijSij(‘D ) exp (—sijzrl-zj) (2r?j —psl.zj) . agigizj.
J

For the quadratic mean, eizj =

tion yields the stationarity condition

—(p+4 _
£ ZAiAjwijsij(p ) exp (—sijzrl-zj) (2r?j —pgl.zj) =0.
J

%(eiz + e?) and agigizj = ¢;, S0 substitu-

Introducing the weights b;; = A;Ajw;j ei_j(pH) exp(—ei_j2 rl.zj) allows

the expression to be written in the compact form

e 4T 3 b

E: = — —
' p Xjbij 2 bij
The corresponding damped Jacobi iteration is
k.2 k (ky2

4 2 bYre. Y ibE(eh)
() = (1-o)(eyPvo| -2 -
DY, bij 2jb; j

B.5 Comparison of Bandwidth Models

The global formulation yields a single RMS interaction scale and
cannot resolve spatial variation. The independent local formula-
tion decouples updates but breaks symmetry and lacks a consistent
pairwise interpretation. The symmetric local formulation preserves
symmetry and variational structure while allowing spatial adapta-
tion, producing a coupled nonlinear system. The pairwise optimal
formulation reduces to a singular Riesz interaction and diverges

at collisions. The symmetric local formulation is the only one that
preserves symmetry, admits a variational interpretation, and yields

finite interaction. In all cases, the effective interaction scale is set
by the kernel bandwidth, not by the algebraic form of the energy.
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